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TO THE LONDON EDITION. 



The favourable recei^on which this Treatise has met with 
from the public h|p induced the author, in this sixth edition, to 
make somq considerable additions and alterations. By con- 
tracting the letter-press, more particularly in the early part of 
the work, these improvenaents have been effected in such a 
manner as to render it unnecessary to enlarge the size, or in« 
crease the price of the volume. The whole has also hefkn 
reaped, and the press corrected, by a friend on whose judg- 
ment and accuracy the author has the greatest rdiance : it 
is hoped, therefore, that it may still retain its character, aa a 
useful elementary work on this branch of mathematical science. 
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ADVERTISEMEKT 
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• Ta THE AMERICAN EDITION. 



The rapid sale of six editions of Brid jjp's Algebra in England 
has induced the publishers to furnilh ^ revised edition for the 
use of American students* Their object has been to simplify 
the work, and to adapt it to the capacity of beginners. With 
this view some of the most abstruse chapters and formulaB have 
been omitted, some example? for practice have been added, 
a^d the whole has been made more popular, and more useful 
for schools and academies. The long processes of reasoiipg 
which might embarrass the learner have either been omitted or 
mprted in a note. The text has been brought to the form of 
mbs, illustrations, and examples for practice. Thus modified, 
it is beUeved that this treat^e will bear comparison with any of 
the text books now in use, for perspicuity, simplicity of method, 
and adaptation to the comprehension of learners; and will 
enable the young pupil to acquire a thorough knowledge of the 
elements of algebra, and a practical skill in the solution of alge- 
braic questions, as. rapidly and with as little perplexity as any 
of the treatises extant. 
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INTRODUCTION. 

Alo£bba is that branch of Mathematical science, in which 
number or quantity in general, and its several relations, are 
made the subject of calculation, by means of certain signs and 
symbols, the nature and meaning of which may be explained as 
follows. 



Explanation of the Algebraic Method qf Notation. 

1. Quantities whoso values are knotim or determined^ are 
generally expressed by the Jirat letters of the Alphabet, a, &, c, c2, 
&c.; and unknoum or undetermined quantities are commonly 
represented by the last letters of the Alphabet, a:, y^ «, &c. 

2. The midtiples of these quantities, such as, twice a, three 
timei 5, Jive times a?, d&c. are expressed by placing numbers 
before them thus, 2a, 3&, da;, &c.; and the numbers 2, 3, 5, 
&c. thus prefixed are called the coefficients of a, &, a:, &c. in 
the several quantities, 2 a, 3 6, 5 a:, d&c. 

3. The sign + {plus) placed between two or more quan- 
tities means that those quantities should be added together; 
thus, a +&+«+, &c. means the sum of the quantities a, ft, a?, 

A 

/- Digitized by VjOOQ IC 



2 bridge's algebra. 

&c.; and the sign — {minug) placed before any quantity means 
that such quantity should be svhtracted from the quantity or 
quantities with which it is combined; thus, a — h means the 
difference between a and h\ and a-^-h — c, the difference between 
a+ft and c. 

4. In the general expression a+ 2 ft — Am^r^y — b%^ d&c. 
such quantities as have the sign + prefixed to them are called 
poeiiwe or affirmative quantities; and such as have the sign — 
prefixed to them, are called n^ative quantities. If no sign be 
prefixed to a quantity, then the sign + is underfitood; thus in 
the foregoing expression the positive quantities are a^ + Zb^ 
+ 3 jf, and the negative ones — 4 a:, — 5z, 

5. The general sign for the muUiplication of quantities is X; 
but the manner of expressing the product of two or more quan- 
tities is varied according to circumstances. The product of 
quantities consisting of single letters is expressed by placing 
those letters one afier another, and generally according to the 
order in which they stand in the Alphabet; thus, the product 
of a and b is expressed by a b; of a, ft, and a:, by abx; of 

3 a, a?, and y, by 3 a a? ^, &c. &c. The product of a + ft 
and c+d is expressed by a+bxc+d^ or a+b . c+d, or 
(a+b)(c+d); in the two former cases, the line drawn over 
a+b and c+d^ to mark them as distinct quantities, is called a 
vixiculutn. 

6. The sign -f- placed between two quantities means that 
the former of those quantities is to be divided by the latter; 
thus, a-r-ft means that a is to be divided by ft; a+b-^e+d^ 
that a+b is to be divided by c+d' But since every fraction 
represents the quotient of the numerator divided by the deno- 
minator, this division is more simply expressed by making the for- 
mer quantity the numerator^ and the latter the denominator of a 

fraction; thus, r expresses the quotient of a divided by ft; and 
o 

-i-i, the quotient of a+b by c+d. 
c+d ■ 

7. The powers of algebraic quantities are expressed by placing 
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a small figure (equivalent to the number of factors, and called 
the index or exponent of the power) at the right hand of the 
letter; thus, 

ax a' or the square of a . . is expressed by a", 

b xbxb . . . orthecttftcof ft by 6', 

X xxxx X X, or the fourth power of a: ..... by ar*, 
(a + b)(a + b) (a + b) or the cube ofa + b . . by a + b\\ 
and so on. 

8. The roots of quantities are expressed by the sign \/, with 
the proper index annexed; thus, 

^a, or v'fl* expresses the square root of a, 

{/ft cube root of ft, 

^a + X fourth or biquadrate root of a + «i 

and so on. The roots of quantities may also be expressed by 
fractional indices; but this method of notation requires an ex- 
planation, which will be given in Chap. III. 

9. Like quantities are such as consist of the same letter^ or 
the same combination of letters; thus, da and 7a; 4 aft and 
9 a ft; 2bx^ and 6bx^; &c. are called like quantities; and 
unlike quantities are such as consist of different letters^ or of 
different combinations of letters; thus, 4 a, 3 ft, 7 a a;, 6 ft x"", &c. 
are unlike quantities. 

10. Algebraic quantities have also different denominations, 
according to the number of terms (connected by the signs 
+ or — ) of which they consist; thus, 

a, 2 ft, 3 a 0?, &c. quantities consisting of one term, are called 

simple quantities. 
a+x^ a quantity consisting of two terms, is called a binomial. 
ft — c (that particular species of binomial which expresses the 

difference between two quantities) is called a residual, 
bx+y — «, a quantity consisting of three terms, is called a tri- 

nomial, ^ 

a*x+bff — 3 c+d, a quantity consisting of four terms, is called 

a quadrinomiaL 
a+ft — c+a?^-y, &c. a quantity consisting of an indefinite 

number of terms, a muUinomiaL 
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4 BRIDGE'S ALGEBRA. 

11. The sign = placed between two or more quantities, 
expresses the equality of such quantities; thus, " a+6s=c+rf," 
means that a+b is equal to c+ (if; and "aa?+6ys=ca?+dys= 
ex+fy^^^ mean that the quantities ax+hy^ ex + dy ^Sind ex +fy^ 
are all equal to each other. When quantities are thus con- 
nected together by this sign of equality, the expression is called 
an equation. 

12, In algebraical operations, the word therefore, or conse- 
quently^ often occurs. iTo express this word, the symbol •*. is 
generally made use of; thus, the sentence "therefore a+b is- 
equal to c+d," is expressed by '* .•. a+&=c+d." 



II. 

Exemplification of the Algebraic Signs and Symbols. 

13. The use of these several signs^ symbols and abbrema- 

tions^ miy be exemplified in the following manner : 

Ex. 1. In the algebraic expression a+b — c, let a=9, i==7, 

and c=3; then 

a+ft— c=9+7— 3 

=.16— 3==. 13. 

Ex. 2. In the expression ax+ay — a:y,letiiaB5,a7=2, y=a7; 

then, to find its value, we have 

aar+ay— iPy=:5x2+5x7— 2x7 

= 10+35—14 

=5=46—14=31. 

ax+bv 
Ex. 3. What is the value of -r-r—^j where a=5, 5=3, 

o+x 

a?=7, and y=5 ? 

Here aa:+&3^=5x7+3x6=35+ 16=60, 

andft+o; ==3+7=10; 

ffX+by _50_ 

''' b+x ""10"" 
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Ex. 4. In the expression g^±_^ jet a^3, 5=6, c=2, 

Xsa6 ; What is its numerical value ? 

Here Ii««+6»«:3x6x6+6x6=al08+25=133, 
and ftas— a*-— ca=:6x6— 3x3— 2sa3C>— 9— 2=19; 
oar^+ft'* 133^ 



Ex. 5. There is a certain algebraic expression consisting of 
m terms connected together by the sign fhu; Xhe first term of it 
arises fxom'maUipl'ffing three times the «^are of a by the quan- 
tity h ; the second term is the sum of the squares of a and h 
dhided by the quantity c ; the third is the product of a, 5, and 
c/ the/otif^A is two-thirds o^ the product of a and &; the J^A 
arises from dividing the square of ahy the ctiAe ^5; and the ' 
IcLst term is a fraction, whose binomial numerator is the digger- 
ence between a and ft, and whose trinomial denominator is the 
sum of the cubes of a and h and the fourth power of c. 

All this is expressed, in one line of algebraic writings thus ; 

3a-ft+-^ +a6,+ _+_+___. 
Let a=4,'\ then the value of this quantity is, 






i44+15±.V„+e+i2^ « 



27^64+27+16' 
or 
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CHAP. L 

ON THE ADDITION, SUBTRACTION, MULTIPLICATION, 
AND DIVISION OF ALGEBRAIC QUANTITIES. 

14. Previously to the application of the fundamental rules 
of arithmetic to algebraic quantities, it may be proper to ob- 
serve, that, although the explanation of the sign mintis in Art. 3 
does not, in strictness, extend beyond the subtraction of a less 
quantity from a greater one, it is convenient to consider nega- 
tive quantities abstractedly, without any reference to others 
from which they may be supposed to be subtracted. For al- 
though, when we say that 2 — 6 is equal to — <3, we mean 
nothing more than that the addition of 2, and subtraction of 
five, is, on the whole, equivalent to the subtraction of 3; yet^ 
afler the algebraic operation has been performed upon it, the 
quantity 2—6 assumes the definite value of —3. 

It must be farther observed, that the word Addition is, in alge- 
bra, taken in a much more comprehensive sense than in com- 
mon arithmetic ; and as denoting the union of two or more 
quantities, positive or negative. Thus, the union of 2 with -^5, 
in the foregoing example, is called the addition of those quan- 
tities. The same remark is to be extended to subtraction ; 
which is, properly, the finding such a quantity, as, being dlge-' 
hraicaUy added to the subtrahend, will give the quantity from 
which the subtraction is made. f 
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ADDITION. T 
III. 

ADDITION. 

Case I. 
To add like quantities tnth like signs. 
* 16. Add Ihe coefficients of the several quantities together, 
and to the result annex Ae common sign, and the common let- 
ter or letters. 

Ex. 1. Ex. 2. Ex. 3. 

2a?+ 3a—. 4b 79^+ 3xy— She 4a»— - 3a*+ 1 

3x+ 2a— bb 9x*+ Zxy— Ibc 2a»— a»+17 

4a?+ 8a— lb Ux^+ bxy— Abe 5a^— 2a'*+ 4 

9x+ 4a— 66 *a?*+ 4xy— be 3a^— 7a" + 3 

bx+ la— 9b x''+ 9xy— ^bc a»— a^'+lO 



23a?-j-24a— 316 


29x''+23xy—\9bc 


15a»— 14a*+36 


Ex. 4. 


Ex. 5. 


Ex. 6. 


3a?»+4a?"— a? 


7a8_3a»6+2a6»— 36» 


2a?>— 3a?+ 2 


2a?»+ a;»— 3a? 


4a'^ a»6+ a6»— 6» 


4a?»y— 2a?+ 1 


7a»+2a:»— 2a? 


a8_2a»6+ Soft'*— 668 


3a:"y— 6a:+l0 


4x8+ x«_ X 


6a«— 3a"6+4a6'*— 268 


ar*y — a:+16 



Case II. 
To add like quantities with unlike signs. 
16. Collect the coefficientstof the positive terms into one 
sum, and also those of the negative ; subtract the less of these 



* In these Examples, it may be observed that some of the quanti- 
ties haye no coefficient. In this case, uruty or 1 is always underwood, 
Thuviiv adding up tlus colftmn, we say, l-fl-f-H-f 9+7=29; in 
the tl^ 2+l4-4+7+5s=19; and so of the rest. 
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sums from the greater; to this difference annex the sign of the 
greater together with the common letter or letters. 

If the aggregate of the positive terms be equal to that of the 
negative ones, then this difference is equal to 0; and conse- 
quently the sum of the quantities will be equal to 0, as in the 
second column of £x. 2, following. 



Ex. 1. 


Ex.2. 


Ex. 3. 


4a?»— 3a?+ 4 


—7ah+3bc — xy 


— 6f«+13a?* 


— 2a?»+ X— 6 


— ab+9hc+^xy 


— 2a?»— 4aj.'^ 


3a?^^6a?+ I 


Sab*^ bc+2xy 


7a?»+ X* 


7a?»+2a?— 4 


*^2ab+4bo^3xy 


9x«— 14a?' 


— a?^— 4a:+13 


5ab — Bbc+ xy 
— 2o* * +3xy 
Ex. 5i 


— 13a:»— 2a:« 


lla:"— 9a?+ 9 


_ 4a.lL-. 6»« 


Ex. 4. 


Ex. 6. 


4a:»— 2a?+3y 


5a»— 2a6+ 6» 


4a?V+2a?y— 3 


— a?8+ 4a?— y 


~ a»+ aft +262 


— 0?*^*^— a?y— 1 


7x«— x+9p 


4a^—3ab+ 6« 


3a:V+4iPy— 5 


9a?»+21a>— 2y 


2a8+4a&— 46» 


— 9a:V— 2a?y+9 

. '■ u ■ ■■:■■■ -. '- 



Case III. 
To add like and ufdike quantities having different signs. 
17. Collect all the like quantities into one sum as in the 
foregoing cases, and set down the unlike quantities one aAer 
another, with their proper signs. 

Ex. 1- 
3ab+ a>— y '^ Collecting together like quanti- 

4c — 2y+ x ties, and beginning with 3a&, we 

5aft— 3c+ d I have 3fl6+5aft=8a5; +x + x^ 

4y +ar»~2y ^+2 0?; — Jf— 2ry-f4 y— 2 y=:— y; 

Bab+2x-^+c+d+3i» \ 4c-.3c=-fc; besides which there 
==J are the two quantities +d and +^*> 
which do not coalesce with any of* the others ; the sum re- 
quired therefore is 8a5 + 2a?— ^+c+d+a?*. 
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Ex. 2. 
4x»—2xy+l — 3y+4a?» 

3a?*— ary — 14+2y+12a?8— 2a; 



Here 4a?^— ar'=3a?* 
— 2ay +ar3^=s ^-^y 
+ 1—16=— 14 
— 33f+4y+y=. + 2y 
+4a?'+3a58+6a?8=+i2a:5 
~y«+y3=0 
— 2x=— 2ar. 



IV. 



SUBTRACTION. 

18. Change the signs of the quantities to be^ subtracted, or 
conceive them to be changed, and then proceed as in addition. 

Ex. 1. From 6fl+3a: — 2b, take 2c — 4y. The quantity to 
be subtracted vnth its signs changed^ is ^2c+4y; therefore 
the remainder is 5a + 3a? — 2b — 2c+4y. 

Ex. 2. From loc^ — 2ar+6, take 3a?»+5x— 1. 
The remainder is 7a?' — 2a?+5 —3a;* — 5x+ 1 , 

or 7a?"— 3x'*— 2a?— 6a?+6+ 1 =4a;»— 7a?+6. 
Ex. 3. Ex. 4. Ex. 6. 

From 7a;«— 2a?+6 12a«— 3a+ b—\ 6^^*— 4y+3a 

Subtract 34?H6a?— 1 6a=+ a— 26+3 6y« — iy-^ a 

Remainder 4^^*— 7a? +6 6a*— 4a+36— 4 —y^ * +4« 



Ex.6. 
From Ixy + 2a>— 3^^ 

Subtract 2a?y — x+ y 

Remainder 



Ex. 7. 
14a?+y — X — 5 
x+y+z-^ll 



Ex. 8. 

13a?8— 2a?»+7 
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V. 
MULTIPLICATION. 

19. Determiae first the sign^ then the coefficient^ and after- 
wards the letters. 

Case I. 
When both factors are simple quantities, 

20. Multiply the coefficients together, and annex all the 
letters to the product according to their order in the alphabet. 

Note 1. When the signs of the factors are alike, the product 
is positive; when unlike, negative.* 

• This rule for the multiplication of the signs may be thus explained: 
To multiply a — b by e — d, is to add a — b to itself as often as there 
are units in c — d; now tliis is done by adding it c times, and subtracting 
it d times; 

But 0— ^, added e times . . saac—b e, 
and a— i, subtracted d times cs-^ad-^bd, 

»\a — bxc — d tssac-^bc — ad+bd» 

i.e. +ax+c=+ac 
— 6X+c=— Ac 
-f ax— <^= — f^d 
-^bx-^^+bd. 
Or thus: 
I. If 4- a is to be multiplied by 4-^9 it means^ that -f. a is to be add- 
edUi itself as often as there are units in b; and consequently the pro- 
duct will be +«&. 

n. If — a is tp be multiplied by +&» it means^ that — a is to be 
added to itself as often as there are units in b; and therefore the pro- 
duct is — ab. 

III. If 4-0 is to be multiplied by —6, it means, that +a is to be sub' 
traded as often as there are units in b, as appears from the foregoing^ * 
explanation; and consequently the product is — a 6. 

IV. If — fl is to be multiplied by — b, it m^ans, that — a is to be sub- 
tracted as often as there are units in b/ and, since to subtract a negative 
quantity is the same as to add a positive one, the product wUl be +a&. 
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Note 2. If the same letter is found in both Victors, the in- 
dices of it must be added together, to form the index of the pro- 
duct. 



Ex. 1. 
4ab 
3a 


Ex. 2. 

2axy 


Ex.3. 
— 3a6c 
Ba'^b 


Ex.4. 

— 6a»6c 
— 26*a?« 


na^b 


'^eaxy^ 


— 16a«^c 


+ Wa^b^cx» 


Ex.6. 

4a5c 

3ae 


Ex.6. 

9ary 
-2y 


Ex.7. 

"-^edx 
—2c 


Fx. 8. 
—lax^y 
—2aex 









Case II. 
When onefactcr is compound and the other simple. 
21. Each term of the compound factor must be multiplied 
by the simple factor, as in the last case. 

Ex. 1. Ex. 2. 

Multiply 3ad— 2ae-|-<2 3a?» — 2ar« + 4 

by 4(? — 14aa? 



Product 12a»^-8a»c4-4a(2 


— 42aa?*+28aa?»— 56aa? 


Ex. 3, 

Multiply 7a;« —2a? +4a 
by — 3a 


Ex.4. 
12a8— 2a«+4a— 1 
3a? 


Product — «laa?*-f6aa?— I2a» 




Ex. 6. 

Multiply 9 a*a?+3»— a?+ 1 
by — <!?« 


Ex.6. 
4ar*y+3a?— 2j^ 
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Case III. 



When both factors are compound quantities. 
22. Multiply each terjn of the multiplicand by each term of 
the multiplier, placing like quantities under each other: the 
sum of all the terms will be the product required. 



Ex. 1. 


Ex. 2. 


Ex. 3. 


Multiply a + b 


a+ b 


a^+ab+b» 


by a + b 


a—b 


a^b 



1 St, by a ... a' + ab 
2d, by ft . . ab+b^ 

Product a«+2a6+ft" 



a^'+ab 
—ab--^^ 



d'+a^'b+ab^ 
..^^b—ab*—b* 



— 6» 



Ex. 4. 

3a;*+ 2a? 
40? + 7- 

+21a?«+14a: 
12a;8+29a?»+14a; 

Ex. 6. 14ac-- Sab + 2 
oo— aft + 1 



Ex. 6. 

3a:''— 2a?+5 
6a?— 7 

18a?»— 12a?«+30a? 
.— 21a?»+14a>— 36 

18a?3— 33a?«+44a?— 36 



14a«c»— 3a«6c+ 2ac 

— 14a»6c +3a^6^^— 2a6 

+ 14flc — Sab+2 

14a»c»— 17a36c+ 16ac+3a»6*— 5a6+2 
Ex. 7. a:^^a:+2 
1^+2 



-a?«? — -a?*+-a? 
3 6 9 

+ 2a?^a?+^ 
«^' + -^^ — 7.^+1;, 

3 6 9 3 
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Ex. 8. Multiply a8+3a«ft+3aft«+6« . . by a+b. 

Answer, a*+4a'»ft+6a»6«+4a6«+6*. 
Ex. 9 4x^y+3xy^l by 2ar"— a?. 

Answ. 8aJ*y+2a;'y— 2a:"-^3a?'3^+a?. 
Ex. 10 afi—x''+x—5 by 2x^+x+l. 

Answ. 2a:«— <c*+2af8— .loa?^^— -4 a?— 5. 
Ex. 11 3a8+2a6— &» by 3 a*— 2 a 6+6«. 

Answ. 9 a* — 4a»&«+4a68_ft*. 
Ex. 12 od^+x^+xy^+y' ... by a>-^. 

Answ. a:*—^*. 

3 1 

Ex. 13. ... . a?9~-aj+l byar^—^a?. 

Answ. ar* — -xs + --.a?*— — a?. 
4^8 2 



VL 

DIVISION. 

23. In the division of Algebraic quantities, the four follijwr- 
ing rules are to be observed. 

I. That if the signs of the dividend and divisor be like^ then 
the sign of the quotient will be +; if unlike, then the sign of 
the quotient will be — .* 

II. That the coefficient of the dividend is to be divided by 



* The mle for the mgna follows immediately from that in Maltipli- 
cation; tkus> 

Since +«x +*=+fl5....±^=+J.andt2*=+«"^i. e. fife 

• , sagtiB pro* 

—ax — o=+o6, . .. — —sB—i, and ~—sss—a I signs —-. 
B 
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the coefficient of the divisor, to obtain the coefficient of the 
quotient. 

III. That all the letters common to both the dividend and 
the divisor must be rejected in the quotient.* 

IV. That if the same letter be found in both the dividend 
and divisor with different indices, then the index of that letter 
in the divisor must be subtracted from its index in the dividend, 
to obtain its index in the quotient. Thus, 

I. +abc divided by +ac . . or = + ft. 

+ac 

II. +eabc .... — 2a.. or -^ a=— ^ftc. 

— 2 a 

ni. — lOxyz , . . • +5y . . or . ^ - ■ = — 2xz. 

+ 5y 

IV. —20a^xY' ' • — 4aa?y,or — -— — ^=+5aa;«*.t 

— 4axy 



Case I. 
When the dividend and divisor are both simple quantities, 
24. Set the dividend over the divisor, in the manner of a 
fraction, and reduce it to its simplest form, by cancelling the 
letters and figures that are common to each term. 
Ex. 1. Ex. 2. 

Divide 1 8 aa;'* by 3 a x. Divide 1 5 a^^b^ by —5 a. 

IBax^ ^ +15 a^b^ ^ , 

=6x. -^-— =s~3 a 5«. 

Sax -—6a 



* If any letter or letters are found in the divisor, which are not in 
the dividend, they must remain in the denominator' of the fraction by 
which the division is expressed. See Art 35, with which this case 
coincides, and the examples there. 

"f If the index of any letter in the divisor should be greater than 
that of the same letter in the dividend, the index in the quotient will, 
by the rule, be negative. The signification of this negative index will 
be explained in Art. .66, 
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Ex. 3. Ex. 4. 

Divide — 28 x^y^ by — 4 xy. Divide 25 aH^ by *— 6a'c. 



— 4a?y — Sa'^c 

Ex. 6. Ex. 6. 

Divide —14 a^hH by 7ac. Divide —2Qx^y^z^ by — 4y«. 
— 1 4 a«ft«c — 2 toVf* 

+ 7ac — 42^2? 

Case II. 

Wh&i the dividend is a compound quantity y and the divisor a 
simple one. 
26. Divide each term of the dividend separately by the divi- 
sor. , 
Ex. 1. Divide42a+3a6+12a»by 3a. 
42ffl + 3a& + 12a» 



3(2 

Ex, 2. Divide 90aV— 18 aa?^ +4 a^o;— 2 a a? by 2ax, 
90a^x^ — IQa x^+Aa^x—^ax 
2aa? 



l4+i+4a. 
4aV 
=46aa;»-— 9ic+2a— 1 . 



Ex. 3. Divide Ax^—^x^'+^x by 2x. 
4a;^— -2a?^+2a? 
2a? "~ 

Ex. 4. Divide —24a''a^y^3axy+6x^y^ by — 3a:y. 
-~24agg^y— 3fliry+6a;V _ 
— 3a?y 
Ex. 5. Divide 14 a 68+ 7 a^ft'*— 210^63^.35^8^ by 7a6. 
14a6«4-7a«6«— 2la°y+35fl«6. _ 
7a6 "■ 

Case III. 

When the dividend and divisor are both compound quantities, 

26. Arrange both dividend and divisor according to the pow- 

^ ers of tlie same letter, beginning with the highest; then find 

how often the first term of the divisor is contained in the first 
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term of the dividend, and place the result in the quotient \ mul- 
tiply each term of the divisor by this quantity, and subtract the 
product from the dividend ; to the remainder bring down as 
many terms of the dividend, as will make its number of terais 
equal to the number of those in the divisor ; and then proceed 
as before, till all the terms of the dividend are brought down, as 
in common arithmetic. 

Ex. 1. Dividea'— 3a«6+3a^— 6»bya— ft. 

a— 6) a»— 3 a^b+3a h'—h^ (a"— 2 a b+b^ 
o»— a*b 

*— 2a«ft+3aft« 
— 2a«ft+2aft2 

*" aft"— ft« 
ab^—b^ 



In this Example, the dividend is arranged according to the 
powers of ay the first term of the divisor. Having done this, 
we proceed by the following steps ; 

I. a is contained in a°, a" times ; put this in the quotient. 

IL Multiply a— ft by «■, and it gives a^^^a^b. 

III. Subtract a^-^-a'ft from a<*— 3a''ft, and the remainder is 
— 2««&. 

IV. Bring down the next term +3 aft*. 

V. a is contained in — 2a^6, — 2a ft times j put this in the 
quotient. 

Yl. Multiply and subtract as before, and the remainder is 
aft». 

VII. Bring down the last terra — ft*. 

VIIL a lA contained in aft^ +ft* times; put this in the quo- 
tient. 

IX* Multiply and subtract as before, and nothing jemains ; 
the quotient therefore is a*^— 2 a ft + ft*. 
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Ex. 2. 

a*+2a*af+ a'^x^ 

* So^x+2a^x^+ 10a*aj8 

/ • a«a?8+2aa;*+aH» 



Ex. 3. .^ 

4a?*— 7a?) 1 2a?*— 1 3a;*— 34a?' +40a?»C3a?» + 2ar*— 6a?+-^ 

12a?*-21:B* ^ ^^-'^^ 



+ 8a?^— 34a?» 
+ 8a?*^14a?8 

* --20a?8+40a?* 
— 20a?8+35ar^ 

^ * + 6a;* 

Ex. 4. 
3a?— 6) 6a;*— 96 (2a?8+4a;»+8a?+16 

* +12a?8^96 
+ 12a?,8— 24a?* 



* +24ar»— 96 
+ 24a?*— 48a? 



+48a?— 96 
+48a?— 96 



* When there is a remainder^ it must be made the nttmerator of a 
Fraction whose denondnator is the divUorf this Fraction must then be 
placed in the quaUent (with its proper sign), the same as in common 
Arithmetic 
B 2 
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Ex. 5. 2a: 



— a?»-.l 

a?3_aj — 1 
x^+x —1 

— 2a: 

Ex. 6. ^ 

l+a:)l (l-a:+aj^a:»+Y+-^ 
\+x. 

'—a; 
— a? — x^ 



x^+x^ 

— y^ 

— a?3--a?* 



In this last Example, the division may be continued to any 
number of terms at pleasure, observing only to place the whole 
divisor under the last remainder. 
Ex. 7. Divide fl*+4 a^ft+S a*6»+4 a &»;f6* by a + 6. 

Answeb, a»+3 a«&+3 a &•+*». 

Ex. 8 a*^6a*a?+10a»a?"— .10a«a?»+5aa:*^-<r' 

by a«— 3 a»a?+3 a a?'*— -a?'. |[ 
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Ex. 9, Divide 25 ajfl— a?<^2 a:»— 8 x^ by 6 a?»— 4 a?». 

Answ. 6a:»+4a5«+3:p+2. 
Ex. 10 a*+8a3i+24a®a;*+32aa?8-f I6rp*'by a+2ar. 

Answ. «»+6 a*a:+ 1.2 a a?«+ 8 ar». 
Ex. 11 av— a?'* by a—a:. 

Answ. «*+a8aj+a"a?'+a a^+«*- 
Ex. 12 6 a?*+9 a?«— 20 a? 6y Zx^-^Zx. 

Answ. 2 a?*+2 ar + 6— — ^ — . 
3 a?^^— 3 X 

Ex. 13. .... 9a:«— 46a:»+95af*+160a?by a?*— 4a>— 5. 

Answ. 9 a:*~lOa?«+6 a?"— 30 ar. 

Ex. 14 a« by 1— a?». 

Answ. «»+a*a^+aV+ ^^ 
1— <t». 



VIL 



Oft <Ae application of the foregoing Rvle8 to Quantiiies with 
' literal Coeficients. 

27. In applying the foregoing rules to quantities with literal 
coefficients, such as, tnx^ ny^ qot^^ dz;c. (where m, it, q^ &c 
may be cwtsidered as the coefficients of x^ y^ x^^ ^c.) a com- 
pound quantity may be expressed by placing the coefficients of 
like quantities one afler another (with their proper signs) in a 
parenthesis, and then annexing the common letter or letters. 
Thus, the 9um of mx and nx^ which is mx+nx^ may b» ex- 
pressed by {m+n)x\ their differencey which is mx^'-^Xy by 
(m-^x; the multinomial ma?"+na?*— jp a;' +^^'i hy (tn+nr^ 
p+q)x*; and the mixed multinomial pxy+qy^^'-^-rxy+my*'^ 
iia?y, by (p— r— n)a:y + (<?+«)y*; &«. fee. According to 
this method of notation the operations are performed in the fed- 
lowing examples. 
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Ex. 1. 

my*+ny+ z 

-py"" — ry-^r^z 

qy^ + my — vz 

+ ry—qz 



Add < 



(jnr-'p+q)y''+(fi+m)y+(\+n'-v—q)z. 

Ex. 2. 

* From j)a:»+ga?* — rx+s 

Subtract mx^ — nx^+i x — v 

Remainder (p— ifi)x^ + (g + n)x'''--(r+t)x + j+g«* 

Ex.3. 
Multiply px«+ ^ar— r 
by mx — n 



mpx*+ rnqx"" — mrx 

— npx^ — nqx+nr 

Product mpx^+(mq — np)x^ — (mr+nq)x+nr, 

Ex. 4. 
Multiply ax"" — bx +c 
by a:'— ca?+l 

ax*--- bx^+ ex"" 

+ ax^ — bx+c 
Product aar*—(6+ac)x3+(c+6c+a)a:* — {c^+b)x+c. 



* As the sign prefixed to quantities in a parenthesis affects them 
tUlf when this sign is negative^ the signs of all those quantities must be 
changed in putting them into the parenthesis. Thus, when -f-^a? is 
subtracted from — rx, the result is — rx — tx\ and, as this means that 
the mm oirx and / j? is to be subtradedy that negative sum is express- 
ed by — (r x-\'ix) = — {r'\'i)x. For the same reason, any muUinomial 
quantity — m o^ -fn a^ — q a?"-{- r ar", when put into a parenthesis with ^ 
a negative nlgn prefixed, becomes — (m — n+q — r)ar". 
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Ex. 5. (Division.) 

— 6a?» +hcx^ — bx 

* + ex'* — c^x +c 

+ ex'* — c^a: +c 



Ex. 6. Multiply ma;»—na:—r ... by na? — r. 

Answer, mna;^ — (n^+mr)a!r*+r*. 
Ex. 7. Multiply a?'* — px'^+qx — r . by x-^-^. 

Answ. aj*— (a+jp)a?«+(5+a|>)ar^ — (r+a q)x+ar. 
Ex._8. Multiply jpa:* — ra?+5 ... by x» — raj— ^. 

Answ. p ar*— ( 1 +jp)r ar'+f^+r*— 2'«y)a?^^— ^". 
Ex. 9. Divide a a?8—(a»+6)a:»+6» by a a;— 6. 

Answ. a®'— aa?— ^. 



vm. 

/Sljiwe general Theorems^ deduced by means of the foregoing 

Rules. 

From the clear and distinct f|pinner in which quantity and its 
several relations are represen^gH^ throughout every part of an 
Algebraic operation, the exemplification of its most ordinary 
rules affords the means of investigating certain general Theo- 
rems relating to the sum^ difference^ product^ &c. &c. of num* 
bers, of which the following are examples. 

28« Let a and b be any two numbers of which a is the 
greater and b the lesser, and let their sum be represented by a 
and their difference by d : 
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Then a+6=a 
and . a — b=sid 



~'2"'"2 ) 




. '. by Addition, 2 a 

and a 

by Subtraction, 26 

and b 

From which we deduce this general Theorem, that "if the sum 
and difference of any two numbers be given, the greater of 
them may be found by adding half the given sum to half the 
given difference; -and the lesser^ by subtracting half the given 
diference from half the given sum." 

29, Let a, 6, ^, d have the same relation as before, then 

d[=a — h 



Hence, by Multiplication,«X^=»*—*^ (SeeEx.2.Caseni.p. 12.) 



and d=- 



d 



8 

From which it appears, that "if. th« sum and difference of 
any two numbers be multiplied together, Xhe product of that sum 
and difference gives the difference of the squares of the two 
numbers;" and, that '* if the difference of the squares of the two 
numbers be divided by their difference^ it gives their sum; and 
if by their sum^ it gives their inference." 

30. Let the number c be di^ed into any two parts a and 6, 
Then c=a'\-h 

. -.by Multiplication, c^=a^+2a5+iy'(SeeEx.l.Casein.p.l2.) 
From which we infer, Ihat "if a number be divided into two 
parts, the square of the number is equal to the sum of the 
squares of the two parts, together with twice the product of ' 
those parts." 
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31. Let a and b be any two numbers; then, 

Their difiPerence =aa — b 
The difference of their cubes =a^ — 6* 
By actual division, a^— 6) a' — 5* (a^+a 5+6' (quotient) 



+a«6 — 63 






Hencb it appears, that " if the difference of the cubes of any 
two numbers be divided by their difference^ the quotient arising 
will be equal to the sum of the squares of the two numbers to- 
gether with their jprocZttc/. " 
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CHAP. IL 



ON ALGEBRAIC FRACTIONS. 



The Rules for the management of Algebraic Fractiotis are 
the same with those in Common Arithmetic. 



IX. 

REDUCTION OF FRACTIONS. 

32. To reduce a mixed Quantity to a Fraction, 
Rule. Multiply the integral part foy the denominator of 
the fractional^ and to the product annex the numerator with its 
proper sign; under this sum place the former denominator, and 
the result is the fraction required. 

2 X 
Ex, 1. Reduce 3 a+ 7—5 to a fraction. 

The integral part X the denominator of the fraction + the 

numerator «:3ax6a*+2ar=15a«+2a?; 

15a«+2a? . 
Hence, — g— 5 — is the fraction required. 

4b 

Ex. 2. Reduce 5 a?— ,r-s to a fraction. 
oa" 

Here 5xx6a^ss30a*x; to this add the numerator with its 

30a^X'-^4b 
proper sign, viz. —4 b; then g-5 — is the fraction re- 
quired. 
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Ex. 3. Redace 5ap— * — = — to a fraction. 

Here 6 a; X 7035 x. In adding the numerator 2x — 3 wUh 
its proper Bign^ it is to be recollected, that the sign — affixed to 

the fraction means that the whole of that fraction is to 

7 

be eubtraded^ and consequently the signs of each term of the 

numerator must be changed when it is combined with 35 x\ 

, ,. 36a? — 2x+3 33ar+3 
benoe the fraction required is -= — «= — - — . 

2c 
Ex. 4. Reduce 4 a 6+^ to a fraction. 
oa 

• ^ 12a»6+2c 

Answsb, 



3a 



4a 

'Ex.5 3J* — r- to a fraction. 

mx 



lSVx—4a 

Answ. , 

ox 

Ex.6 a— a?+ — - — to a fraction. 



Answ. 



X 

4 2*— 9 
Ex. 7 3«^ Yq^ ^^ * fraction. 

30a?»— 4a?+9 

AlYSW. ■ . 

10 

33. To reduce a Fradion to a mixed Quantity. 

RvLs. Observe which terms of the numerator are divisible 
' by the denominator without a remainder, the quotient will give 
the integral part; to this annex (with their proper signs, and 
observing the caution given in Ex. 3 4llr the last Article) the 
remaining terms of the numerator with the denominator under 
themt and the result will be the mixed quantity requu^. 

^ a^+ah+V 

Ex. 1. Reduce — * — to a mixed quantity. 

C 
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Here -^ — ssa+ft k the tntemil part, 
a 

and — • is the fradUmal part; 

.*. a+ft-i — k the mixed quantity required* 

16a*+2a? — 3c . , 

Ex. 2. Reduce to a mixed quantity. 

5a 

Here -p — asiSfl is the integral part, 

and — 7 is the frudionai pa^t; 

,•. 3aH r is the mixed quantity required. 

on 

4x^-^5 a . , 

Ex. 3. Reduce ■ ^^ *^ * ™'*®^ quantity. 

Answer, 2aB— g^. 

12a»+4a— 3c^ . . 

Ex. 4 ^^4^j to a mixed quantity* 

3a 
Answ. 3a+l — j^. 

Ex. 5 7 ' to a mixed quantity. 

ox 

„ 3 11—2 
Answ. 5 a:"—' — rr: — . 
ox 

34. To redtkre JVartton* to a common Denominator. 

RuLB. Multiply each numerator into every deBommator bta 
Us own for the new numerators, and all tie denondwOots to- 
gether for the common denominators. 

qm* ^'i* 4 a 
Ex. U Reduce y»^ , »n^"5 ' ^^ *^ common denominator. 

f Hence the firao- 



«a:xftx6«106a? 

5xx3x5a75ar > new numeraton; 



3=75 a? > 
&»12a5 ) 



4aX3X& ^-^ ^ "^ 



3 xbX5ssl56 common denominator; 



tions required are 
lObx IBx Itab 
llbF'TEV 15 &• 
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Ex. 2. Reduce — -— , and -7-, to a common denominator, 
o 4 

(«ar+ 0x4*1 8a?+4> _ f Hence the frac- 

o .. *. Jne.'y numerators: I .. ^ ^ • j 

3xXSsst5x y 'i tions required are 

6x4=20 common denominator; I ^^ , and -— r-. 

' L 20 20 

Ex. 3. fteduce --t— , —5- ,and s- 1 to a common denominator. 

Here 6 a?x 3x2 a?=»304f* 
(a— a?)xCa+iP) X2a?=2a«ap— 2«» 
1 X(a+ag) X3 =:3a +3 a? 

(a+a;)x3x2a? a»6aa:+6a!f« 

.-.then^fractionsare^J?^, ?2!f=?ff, and J2±!^ 
6ax+6x^' 6fla?+6ar«' 6ax + 6««' 

Ex. 4. Reduce — _-, and -— , to a common denominator, 
o 3a a 

. 9a"a? 20a6a? ^ 76aa?» 

Ex. 6> Reduce — — - , and — 5 — to a common denominator^ 
X 3 

. 6a+9 . Bai'+x 

4x*+^x 3x^ 2x 
Ex. 6. Reduce — g — , ^^^and gT» to a commondenomiBator: 

. 4^af>X^+24abx 466a:» , 40a« 

ANfifw. —- — ; , — - — - - and - 

BOab ' 60ab ' eOmb* 

1? w -D J 7a?»— 1 4a?^— .ap+2 

tiX.i. Keduce ^^ ,and — g-^; — ,toa cmnmon denommator. 

Answ. llg!^!=!i',and'^-'^'+^^ 
4^»x ' 4a*X 

35. To reduce a Fraction to its lowest terms. 

RiTLs. Observe what quantity will divide all the terms both 
of the numerator and denominator without a remainder; divide 
them by this quantity, and the fraction is reduced to its lowest 
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terms. A more general rule will be given at the end of this 

Chapter. 

Ex. 1. Reduce — --^ to its lowest terms. 

35a:« 

The coefficient of every term of the numerator and denomina- 
tor of this fraction is divisible by 7, and the letter x also enters 
into every term; therefore 7 a? will divide both numerator and 
denominator without a remainder. 

Now J— __JL -sas2a:»+a+3»» 

# X 

36ar« 
and -z: — =5a?: 
7a? ^ 

,....., . 2a?*-f«+3ar . 
Hence the fraction m its lowest terms is r , 

OX 

Ex. 2. Reduce --3 to its lowest terms. 

Here the quantity which divides both numerator and deno* 

minator without a remainder is 6 a; the fraction therefore in 

... ^ ^ . 46c — a+2c 

Its lowest terms is ' — , 

ac 

Ex. 3. Reduce -r — r-: to its lowest terms. 

Here a — b will divide both numerator and denominator, 
for by Ex. 2, Case HI. page 12, o*^— 6»=(a+6) (a— 6) ; 

hence — rr is the fraction in its lowest terms. 
a+b 

\0X^ 

Ex. 4. Reduce to its lowest terms. 

16a:» 

Aksweb, — . 

Ex. 5 — — to its lowest terms. 

6ax 

bx 

Answ. Y' 
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Ex. 6. Reduce li^^tll?!^ 4o its lowest 4erti*. ' 

X 

Ex. 7 -L to rts lowest terms. 

17«» 

Ex. 8. .... V-^. to its lowest terms. (See Act 31^ 



X. 

ADDITION, SUBTRACTION, MULTIPLIOATION| 
AND MVISION QF. i»A€'r«>NS. 

36. ToadSW)rad6imstqgMer. 

Rule. Reduce Hfhe fractions to a common denominator, and 
then add their numerators edgether; bring tire resulting rfrac- 
tion to its lowest terms, and it wHl be the sum Required. 

Ex. 1. Add —-, -^,lfnd -',^gether. 

3afx7x3s=:63a?'l 

^""Vl"^^ l...!5^±l^i^.l««*is the fraction 

7X7X3»106J*®^"^'®^- 

Ex.2. Add?, ?f , and ^, togeilite 

flX36x4a«l2a»6Y-: MB^h+^a^b+\bb^ 20a^6+166» 
2ax ftx4a« 8a*d | '*• 12^^^ "" l ,,12a6» 

6&X ftx3»»]55* 



aai (dividing ^%) — r^^r— w the sum 



ftx36x4a=f«tt»^i. ^ * ^ ^ 12aft 

„reqtfHw. 
C 2, 
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E,. 5. Add !f+.^ ?-^, and ^^, together. 

(2a:+3)X2a?x7 «28ic« +42;r 

(3a>— 1)X5 x7 «105ar— 36 

4a?x6 x2a?=40a:* 

6x2a?x7 =70a? 

, t8a:*+42 x+ 106 ar— 35 + 40 x* 68a?*+147as- 35 
• • 7q5 — ^Q^ 18 the 

sum required. 

Ex.4. Add ^,^, and if, together. 

• ■ • IF' T' '"*• 7? ^°e^'''- 

E..6. ...if+}, !£+!,.„, *togetl^, 

169ap+77 
^^'^- 106 ' 

sir ' *^"^ ~63 — ' together, 

. 37a»+ll* 

Awsw. — 

Ex, 8. . • . — _ ^ and j^n together, . x 

ANSWi 



70a6 



15i 
4a?«— 7a>-^,, 



2a?« 

■*• *^- • • • iji^f and ^, together. 

^ 2j-4>25» 

Arbw 
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37. To subtract Fractional Quantities. 

"RvLB. Reduce the fractions to a common denominator; 
and then subtract the numerators from each other, and under 
the difference write the common denominator. 

Ex-1. Subtract?^ from 115 
6 16 • 

3a?xl6«.46a?") 70a?— 46a? 26a? a? . ,, ,.^ 
I4a?x 6^70a? C •— 76 -^ -5 « the difference 

6 X16»76 ^required. 

Ex. 2. Subtract!^ from if±? . 
3 7 • 

(2a?+l)x7=»l4a?+7) l6a?+6— I4ar— 7 ar— 1 . ,. 

(6a?+2)x3«16a?+6 C •'• ^^1 «—- w tne 

3 x7sr2i ^"^ 3 fraction feqtiired. 

Ex. 3. From i£|=? subtract ^. 

(lOa?— 9)x7«70as-63) 70ac~.63— 24ar+ 40 46a^— 23 

(3a>— 6)x8==«24a>-40 C •'' 56 "^ — 66 — 

8 X78as66 3 '8 ^^^ fraction required. 

Ex.4. From 2±J subtract ?tZ^ 
a— 0, a+6* 

(a— 5X«+^)=^<3i*-^* 3 4^ w the fraction required. 



Ex. 6. Subtract if from £?. A^vsweb, ^ 
5 10 10* 

Ex. 6 '^^Urotn ilf±?. Answ. ^^'^^+^7 

7^4 28 • 

Ex; 7. .^: r;!^ freii 15. Aksw. 4a?'-na>-6 



af+l 






.^. . ... ^.ar+6 






Ex. 8. ,.,,,;. ^ fVonr 1^. Answ. l5l±? 



Ex. 9. . . y^ > ,-^ firoqi I — ^. Amrw. 
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Ex. 10. Subtract 1^!^ from !?• Answ. Ijf+f? 
8 7 66 • 

38. To Multiply Ftaclional Quantities. 

RvLB. Multiply their numerators together for a new dame- 
rator, and their denominators together for a new denomiD&tor^ 
and reduce the resulting fraction td its lowest terms. 

Ex. I. Multiply ?f tiy ^. 

7X9 «63 5 •'• the fraction required i6_. 
Ex. 2. Multiply 15±J by £5 



3X7 «21 



24 j^ J. 6,2? 
... _J * aa (dmding. the nu- 



Here 

(4a?+ l)x6a?ar24ar«+6« 
and "^ merator and denominator by 3} 

8x'4-2:r 

- is the fraction .required. 



•7 



Ex. 3. Multiply ?^ by -£f!.. 

By Ex. 2, Case III. page 12, («•— 8») x3««+(a+i) 

(«-*)x3a»; henoe the product u. ? a* X (« + *)(<«— ft)^ 

5*x(a+J) 

(dividing the numerator and <blK>mllnatOir bjiid-ft) ^ ^ ^^^ — ^ 



66 • 

Ex. 4. Multiply ^^T^^,. to l!L^ 

14 - • 2«^— *«•— 

(3*^-6*) ><:7a=.2Iaa!*— 36af I the numerator and denomi4 

and - -- \ — ■_ Sax-^Sa 

(2«^-3«) xl4»28a» -4W ""*°' V "^''^-SPile "*''® 
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Ex. 6. Multiply J± by ^ Answbb, -1^ . 

'^ '' X — 1 7 7a? — 7 

r< c 3a?^— a? ,„ 10 . 3a?— 1 
Ex. 6. r . . . . by . Aksw. . 

5 2a:«— 4a? a:— 2 ' 

Ex.7 I±,hjt^. Ai^sw. ?!d:^. 

a — b 8 4 

Ex. 8 -i^ by 1^^=!?. Answ. £? 

6a>-10 ^ 2a? 2' 

39. On the DivUion of Fractions. 

Rule. Invert the divisor, and proceed as in Multiplication. 

Ex. 1. Divide 21^ by !? 
9 3" 

Invert the divisor, and it becomes--; hence --^x^- 
' 2a? 9 2a? 

42 a?* 7a? 
aar-r — «— (dividing the numerator and denominator by 6 a?) 
lo a? o 

is the fraction required. 

Ex. 2. Divide 11^=? by 12J^ 
6 "^ 26 • 

14a?— 3 25 (14 a?— 3)x5 70a>— 15 

6 ^lOar— 4"" 10 a?— 4 "" 10 a? — 4* 

Ex. 3. Divide ^^'-^^' by ^^+^^ 
2a -^ 66 • 

5a'— 5ft» 6(a+6Xa— ^) f 6(a+6) (a — b) eb 

2a ** 2a h' 2a ^4x(a+ft) 

4a+46 4(a+6) J 306 (a — 6) I5a6 — 16 6* . 

"16"^— 63~5 I « 8ir~^ 4;i '* 

j^the fraction required. 

Ex. 4. Divide 1? by ^ Answer,??. 

7 6 63' 

Ex.6 i£±? by !£+'. Aksw. 1^. 

Ex. 6 ±=2 by =^. ANSvr. lf=li. 

5 4 5 

Ex. 7 ^.^Zi? by ^. Answ. £±I?. 

5 5 a? • 
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XI. 

On the Method of finding ike Greatest Common Measure of two 
or more Quantities. 

40. One quantity is said to measwre another} when it is 
contained in that other a certain number of times, without a 
remainder. 

41. A quantity is said to be a multiple of another, when it 
contains that other quantity a certain number of times, without 
a remainder. 

42. A common measure of two or more quantities ie any 
quantity which measures them all ; and the greatest coflmibQ 
measure is the greatest quantity which will so measure them. 
Thus, 2a is a common meastrre of the quautities 24a&', 16a*&c, 
and IZabc^j and their greatest common measure is 4a&. 

43. If one quantity itt^asures another, it will also measure 
any multiple of that quantity. Thus, let b measure a by the 
units in m, then a^=sm by and let n a be a multiple (denoted by 
the units in n) of a; then nu^s^n m b] consequently b measures 
n a by Ihe unitd in n m. 

44. If one quantity measures two others, it will also mea- 
sure their sum and difTerekice. F^ let c mewto'd a by Ihe 
units in m, and b by the units in yi, then ass^mi;^ and isame; 
therefore a + ft*teamc + nc,as(»i Jin)c; consequently c mea-. 
sures a+b (their sum) by the units in m+ii,and a — 6 (Iheir 
difference) by the units in »i— n. 

45. To find the greatest Simple Comm&n Measure of Mge- 
braie QuantUies. 

Rule. Find the greatest comtiton measure of their coeffi- 



^ The quantity a +^5 means aphu or mtniM 6. 
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cients^ and then annex to it the letters common to all the quan- 
titiet. 

46. To find the greatest Oaaqunrnd Common Measure iff two 
Algebraie Quaniitiee, 

RuLB. First divide each of them by their greatest eimpk 
common' measure (if thej have one) ; arrange their terms ac- 
cording to the dimensions of the same letter, and divide either, 
or botl( of them, by the greatest ample factor which it may 
contain; then pe)*form on them the same operation as that for 
finding the greatest common measure of two numberSy observing 
only, that the remainders which arise are ta be divided by their 
greatest simple factors, and that the divfdends may, if requisitCy 
be multiplied by any simple quantity which will make the first 
term of the dividend a multiple of the first t^pi of the divisor. 
Lastly, multiply the compound common measure thus obtained 
by the simple one originally taken out, and the product will be 
the greatest common measure required.* 

Ex. I. 

Find ihe greatest common measure of 6 a*+\la x+3 x^ and 

These quantities having no simp]e divisors, we immediately 
proceed as follows; 

6a»+7aa?— 3»*) 6a*+llax+3a?* (l 
6a' + lax-Sx* 

+ 4ax^6x* 
Dividing 4ax+6x^ by its greatest simple divisor 2 x, we have, 
2a+3fl?) Qa^+ lax^Sx^ (3tf-T;r 
6a^+9ax 

— 2aar— 3a:* 



Hence 2 a+ 3 a; is the greatest common measure. 

* The rejection of these ample factors from the original quantiticty . 
and fi?om the remamders which arise in the process, or the multif^M^- 
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Ex. 2. 
Find the greatest common measure of 8a'&*-— lOafr'+S^ 
and 9 a*b—9 a»6«+3 a«6»— 3 a ft*. 

The greatest simple common measure of these quantities is b; 
which being taken oyt from both, they become Ba^b^^lOab^ 
+2b^9Lnd9a*—9a^b+5a*b' — Sab'; the former of these is 
divisible by Sft, and the latter by 3 a; which divisions being 
made, the given quantities are reduced to 4a^— 5aft+^% and 
3a»--3a«6+aft«^— 6*. Multiply this last b/ 4, to make the 
operation succeed, and we have 

4a»^ab+b^^ 12a'—l2a^b+4ab^—4b'(Sa 
12a»— 16a«ft+3a6» 

3a^b+ a6^^— 4ft» 
Dividing the remainder by 6, and multiplying the new dividend 
by 3, we have 

3aHa6— 46») I2a*—I5ab+ 3ft« (4 
12a«+ 4ab—16b* 

—\9ab+19b* 
Lastly, Divide the remainder by — 196, and proceed thus ; 
a— 6) 3a*+a6— 46* (So— 4ft 
3a' — 3aft 



4a^_4ft« 
4a6_4ft» 



Which gives a •*- ft for the compound common measure; and 
this being multiplied into the simple one ft, we have aft — ft^ for 
the greatest common measure sought. 



tion of the dividends pointed out in the Rule, will not affect the com- 
pound common measure sought; which can have no simple factor, 
because the original quantities have (by the Rule) their simple factors 
taken out^ previously to this part of the process. 
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CHAP. in. 

ON THE INVOLUTION AND EVOLUTION OF NUMBERS AND 
OF ALGEBRAIC QUANTITIES. 



XII. 

On the Involution rf Numbers and Simple Algebraic Quantities, 
47. Involution^ or " the raising of a quantity to a given 
power," is performed by the continued multiplieation of that 
quantity into itself, till the number of factors amounts to the 
number of units in the index of that given power. Thus, the 
square of a or a^^s^axa^ the cube of b or h^^=^bxb>(b\ the 
fourth power of 2=:2x2x2x2=:16; the fftk power of 
3=3x3x3x3x3=243; &c. 6lo. This rule as applied to 
numbers will be readily understood by the mere inspection of 
the following Table. 

ROOTS AND FOWEBS OF NUMBERS. 



Roots 


1 


2 


3 


4 


5 1 6 


7 


8 


9 


10 


Square 


1 


4 


9 


16 


25 [36 


49 


64 


81 


100 


Cube 


1 


8 


27 


64 


125 j 216 


343 


512 


729 


1000 


4th power 


1 


16 


81 


256 


625 |1296 


24or 


4096 


6561 


10000 


5th power 


1 


32 


243 


1024 


31257776 


16807 


32768 


59049 


100000 



48. The operation is performed in the same manner for 

simple algebraic quantities, except that in this case it must be 

observed, that the powers of negative quantities are alternately 

+ and — ; the even powers being positive, and the odd powers 

D 
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negaiwe. Thus the square of + 2 a is +2 ax +2 a or +40*; 
the square of— 2a is— -2aX — 2a or +4a*5 but the cube of 
~2aa— 2aX— 2aX— 2a»+4a*X— 2a=— 8 a*. 

The several powers of ^ are, 
o 
a a a* 
Square ^X^^p, 



Cubf 



a a 



a* 

&.C.a&C. 

And the seTeral powers of .. — ^ 



s^-±x-l 



Cube^' 



Aihpawer^s*^ 



2c 
b 



2c 



2 c' 
b 



2c^ 2c 2c' 



ft* 



'8c»' 

'2c^~2^^~2c^ 2c ^ 16c*' 
Upon this principle the powers of the several roots in the 
following Table are calculated. 

BOOTS AND POWERS OF SIMPLE ALGEBRAIC QI7ANTITIE8. 



1 


a 


—6 


2J» 


a 

26 




3a 
16 


a*6 


a' 
6« 


3a? 
5 


X 

4y 


1 


a» 


+b' 


46* 


46» 


9** 


4a« 
96* 


o*6« 


a* 
+6- 


9,- 




1 


a> 


-V 


84« 


a" 
86* 


2r*» 
y* 


8a» 
276» 


aV 
a86* 


a' 
~b» 


27a;» 
125 


op" 
64y» 


I 

I 


«* 


+b* 


166" 


0* 
166« 


81,^ 


I60* 
816* 


*i 


81a:* 
' 625 


ar* 
256y* 


H 


-*» 


32t»o 


a» 


243**" 


32o» 
2436» 


1^6' 


aio 243aj* 


102V 


4r 


326» y» 


b^ 3125 
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XIII. 



On the Inoolutian of Compound Algebraic QuanHties. 

49. The powers of compound algebraic quantities are raised 
by the mere application of the rule for Compound Multiplica- 
tion (Art. 22). Thusj 

Ex. 1. What is the square of a+2 6? 
a +26 
a+26 



a''+2ab 
+2a6+4 6» 

Square aaBa*+4a6+4J* 



Ex. 2. What is the cube of 4i*^— <» ? 
a"— a? 



a* — a*x 
Square ssa*— ^a»a?+a:* 



— a*ar+2a"a?«— a5» 
Cube »=a»— 3a*a?+3a*a?*— a;* 
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Ex. 3. What is the 5th power of a+b ? 
a +b 
a+b 



a^+ ab 
+ ab+b» 

a«+2a6+6» = Square 
a+b 

a^+2a^b+^ab^ 
+ a^b+ 2ab^+b^ 

a^+3a^b+ 3a 6" + 6" « Cube 
a + ^» 

a*+3a«^»+ 3a«6«+ aft» 
+ a'6+ 3a«&^+ 3a6»+6* 

a*+4a»6+ 6a'*#»+ 4a 6» + ^»* = 4th Power 
a+b 

a»+4a*6+ 6a^b^+ 4a»6»+ aft* 
+ a*H- 4a«&«+ 6a"ft8+4aft*+ft* 

a»+5a*ft+10a''ft»+l0a'*6»+5aft*+&« = 6th Power. 

Ex.4. The 4th power of a + 3ft is o^+lSa^ft + 64a«6* 

+ I08aft«+816*. 
Ex.5. The ^^warc of 3a?'*+2a?+5 is 9a?*+12a?» +34x* 

+20a?+25. 
Ex. 6. The cube of 3 a?— 5 is 27 a?»— 136 ar« + 226 a>— 126. 
fix. 7. The cube of a?'*— 2a:+l is a;"— 6ic«+l6a?*-r20a?* 

+ 16x»— 6a?+l. 

50. Iq the involution of a binomial quantity of the form a+b^ 
the several terms in each successive power are found to bear a 
certain relation to each other, and observe a certain law, which 
the following Table is intended to explain. 



y Google 



BINOXIAL THEORBM. 
TABLE OF THE F0WSS8 OF a+b. 



41 



Powers. 


Mode of 

expressing 

them. 


Powers expanded. 


Square 


(a+by 


(^+2ab+b^. 


Cube 


(a+by 


(^+3i^b+3ab''+b^ 


4th Power 


(a+b)* 


a!^+4a''b+64^^+4ab^+b\ 


5th Power 


ia+bf 


a^+Sa*b+10a^h»+10i^t^+5ab*+b^ 


6th Power 


(a+bf 


a"+6a*A+15a**^+20a»^+15a*^4-6fli*4. b^. 



The successive powers of a*^b are precisely the same as 
those of a+bf except that the signs of the terms will be 
alternately + and *— . Thus, the 4th power of a—« J^ is 
a*—4a^b+6 a'6»— 4a6»+6*; and so of the rest. 

In reviewing that column of the foregoing Table, which con- 
tains the powers of a +6 expandedj we may observe, 

I. That in each case, the Jirsi term is a raised to the given 
power^ and the last term is b raised to the same power ; thus, 
in the square^ the Jirsi term is a"*, and the last b^; in the cube, 
the Jirst term is a*, and the last b^; and so of the rest. 

II. That, with respect to the intermediate terms, the powers 
of a decrease^ and the powers of b increase^ by unity in each 
successive term. Thus, in the fiflh power we have 

In the second term . . . ii*5 ; 

third a»6*; 

fourth a"ft9; 

fifi^ «**; 

and so in the other powers. 

in. That in each case, the coefficient of the second term is 
the same with the index of the given power. Thus, in the 
square it is 2 ; in the cube it is 3 ; in the fourth power it is 4 ; 
and so of the rest. 

IV. That if the cotfieient of a in any term be multiplied by 
its inieXy and the product divided by the number of terms to 
D 2 
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that flacCf the quotient will give the coefieieni of the next 
term. Thus, 

_ , - ^_ coeff. of a in the 2d term X its index 
In ibe fourth power, number of terms to that place 

=»— g- =-2"»o=coefficient of fAtra ^erm. 

. , coeff. of a in the 4th term x its index 

In the tfia?<yi power, r r: = — nr-i — i 

^ ^ number of terms in that place 

«!^«:^=16«coefficient of JJfifA term. 
4 4 

We are thus furnished with a general Rule for raising the 
binomial a+b to any power, without the process of actual 
multiplication. For instance, let it be required to raise a+b to 
the eighth power; then, according to the Rule just laid down, 

The/r*< term is .... ^ a«. 

The second 8 a'^b. 

The third !^a«*»=:28aW. 

2 

The fourth £i^«5^»=i56a«6«. 

The ffth 5i^*6*=:70a*6*; 

and so on. 

And thus we have 
(a+6)8 = a» + 8 a5^6 + 28 a^fe^ + 56 a*i» + 70 a*ft*+66 a»i»+ 
na:'tfi+QaV+h\ 

In the same manner it will be found, 
Ex. 2. That (a— iy^a^— 7a«6+21 a»6*--36a*6«+36a»^ 

—21 a»i^+7 a &«—*''. 
Ex. 3. That (a?— y)»«x»— 9a:8y+36a?V— 84irV+ ^ 26a:*y* 

— 1 26a:*y*+ 84aH»y«— 26ary + 9 x%^—yK 
Ex. 4. That (a?+a)"« a?'°+ 10 a?»a + 46 a?«a« +120 ajV+ 
210a:«a*+262a:V+2J0«*a«+120a?V«46a?V+10a:aHa*^ 

In reviewing these several examples, it may be observed, that, 
when the number of terms in the resulting quantity is €oen, the 
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coefficients of the two middle terms are the same ; and that in 
all cases the coefficients increase as far as the middle terms, and 
then decrease precisely in the same manner until we come to 
the last term. By attending to this law of the coefficients^ it 
will only be necessary to calculate them as far as the middle 
term^ and then set down the rest in an inverted order. Thus, 
in Ex. 3, (a?~-y]y, 

The Jirst five coefficients are 1, 9, 36, 84, 126. 

The last five 126, 84, 36, 9, 1. 

51. But we arc not yet arrived at the most general form in 
which this rule may be exhibited. Suppose it was required to 
raise the binomial a+b to any power denoted by the number 
(n). Proceeding with n as we have done with the several in- 
dices in the preceding examples, it appears that 
The Jirst term would be a«. 
The second . . . . n d'^^b 

The third ^^H^zDaf^h^, 

2 

Thefourth .... <n^1)Cn-2)^^_^,^3^ 

Thejlfih ..... «(«-!) (n-g)(«-3) 

''•' 2.3.4 

The last *«. 

Or, (a+ft)«=a«+Ba»->6+!!^2=i2a— »6» ^.»C»— l)(»--g) 
^2 2.3 

«^6. + <!!=ll)^i)i!!=±W6*+&c. . . +6». 

By the same process, (o — 6)«sss£rs---iia"^*6+^5L!Zlia'^-«6« 

nfn— l)Cn— 2) .,, . ^ , . 

— ^2 a'*~'a»+&c.; the signs of the terms bemg 

alternately + and — . 

This general and compendious method of raising a binomial 
quantity to any given power, is called, from the name of its 
celebrated inventor. Sir I. Newton's " Binomial Theorem." 
Its use will appear from the following Examples. 
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Ex. !• Raise a^+Sy* to ihe^h power. 
In comparing (x^+3y'y with (a+6)», we have, aasa?*. 

Substituting these quantities for a, &, n in the foregoiog 
general formula, it appears, that 

^K**} • • ('^) « (^')' • • -=^" 

2rf (nd^^b) is 5x(«^* X3y" .slSar^y". 

3rf (!i(^)a*-»i«) . . is 5X5X(«»)'x(3yr=90xV- 

£a»/ . . . (i») is (3y*)'=:243y***. 

So that (»»+ 3y»)*::^a?*^+15a;y+90a;V+2r0a;y+405«»y*+243y*®. 
In the application of tiiis formula, it may be observed, that 
the number of terms of which the binomial consists, is always 
one more than the index of the given pouter; afler having calcu* 
lated therefore as many terms as there are units in the index of 
the given power, we may immediately proceed to the last term* 
Ex. 2. ^ Raise 3 x+2y to the 6th power. 

Here3a?=:a^ and (3a?+2y)«=729x8+2916ic«3f+4860a?V 
"^^t +4320a?y+2160x»tf*+576a:3^»+64y«. 

Ex. 3. Raise a?— .2^* to the 7th power. 
Here a?«ssa 1 and comparing (x — 2y^y with (a— ^)*, we have 
2y«a=6 C x'^—U a:V+ 14 a?y — 280 0:^+660 a*y» — 
n=s7 y672ar»y*«+448a?3^"— 128y" for the quantity re- 
quired. 
52. By means of this Theorem, we are enabled to raise a 
trinomial or quadrinomial quantity to any power, without the 
process of actual multiplication. Thus, suppose, it was required 
to square a+b+c\ inclosing it in a parenthesis (a+b)^ and 
considering it as one quantity, we should have (a+b+eysa 
(a+6) + cf«(a+6)*+2(a+6)c+c»«a»+2aft+ft^+2«tf+ 
ib€+i^ 
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In the same manner we have, 

Ex. 1. (a+6+c+d)»=(a+6)+(c+d)f«Ca+6)«+2(a+6) 
(c+cf)+(c+d)'*=a»+2a&+6*+2ac+2acf+26c+26d+c» 
+2cd+(i*=o»+6«+c*+cl*+2(o6 + oc+ad+6c+&d+rd). 

Ex. 2. (p+5+c)»=(a+6)+cf = (a-f 6)»+ 3 (a+by c+ 
3(a+6)c»+c»=a»+3a*6+3a6'+6»+3a»c+6a6c+36*c+3ac» 

H-6a6c. 

Ex. 3. (a?+y+35;)»=.(ar+y)+3«|'=:(a?+y)»+2(ar+y)X 
3«+(3;?)'=sx»+2a?y+3/*+6a?«+6y«+9«». 



XIV. & XV. 

On <Ae Evolution of Algehratc QuanHties, 
53. £ooZtta*oR, ^< or the rule for extracting the root of any 
quantity," is just the reverse of Involution^ and to perform the 
operation, we must inquire what quantity multiplied into itself, 
till the number of factors amount to the number of units in the 
index of the given root, will generate the quantity whose root 
is to be extracted. 

64. This Rule, as applied to small numbers and simple alge- 
braic quantities, may be easily explained by reference to the 
Tables in Art. 47, 48. Thus, 

49=3^X7") •*• the sqwire root of 49, or ^Z 49s?'. 
— 6»c=— ftX—ftX— &5 .-. icecube root ofb^:si(l/^^ =a— 6. 

16a*_2a 2a 2a 2a .•.the4<Aor leoV^lgg^N 2a 
8U*""3* 3b Sb 3b'^ hiquadrate root of 81A*^^81 W""36' 

32=52X2X2X2X2 5 .*. the /ylA root of 32 (V32)=b2. 
&c. &c. 

56. If the quantity under the radical sign does not admit of 
resolution into the number of factors indicated^^y that sign, or, 
in other words, if it be not a complete power ^ then its exact root 
cannot be extracted, and the quantity itself, with the radical 
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Sign annexed, is called a Surd. Thus 5/37, {/a*, ^i", v^47, 
&o. &C. are Surd quantities* The application of the fiinda- 
montal rules of arithmetic to quantities of this kind will form 
the subject of Chap. YIII. 

56, 57, 58. To extract the square root of a compound qwnUity. 

Rule. Arrange the terms according to the dimenaione of 
some letter beginning with the highest, and set the eqaare root 
of the first term in the quotient. 

Subtract the square of the root thus found from the first 
term, and bring down the two next terms for a dividend* 

Divide the dividend by double the root already found and set 
the result both in the root and in the divisor. 

Multiply the divisor thus completed by the term of the root 
last found, and subtract the product from the dividead, and so 
on as in common arithmetic. 

Ex. 1. 4a:*+6a«+— a:«+16a? + 26(2x»+^ar+6. 
4x^ 



3 89 



6«« + 2x. 

4 



4«»+3a?+5) 20a?»+15a?+25 
20a?*+15a?+25 



Ex. 2. aH»+4a?*+2a:*+9ar^*— 4x+4 (a:«+ 2a?»— a?+2 
x^ 



2a?«+2a?») 4ar*+2a?* 



—2a:* — 4x^+ a?» 

2a?»+4a?*— 2ir + 2) +4a;»+8ar'^— 4a?+4 
+4a?H8aH»— 4x+4 
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Ex, 3. Find the scjuare root of x^+4x^+ 10a:*+ 20af«+26aj« 
-f 24a:+16. Answeb, x^+2x^+3x+4. 

Ex. 4. Find the square root of 4a;«---4a?*+12aj»+«* 
— eap+9. Ansht. 2a?»— ^+3. 

59*— 64. To ^ft<2 ait^ root of a compound quantity. 

Ri7LE. Arrange the terms as before, take the root of the first 
term add place it in the quotient; subtract its corresponding 
power from the first term, and bring down thenecond term for 
» dividend. 

Divide this term by twice the root already found for the 
square ropt; by three times the square of it for the cube root; 
by four times the cube of it for the fourth root, ^c. and the 
quotient will be the next term of the root. 

Involve the whole of the root thus found to the given power, 
and subtract from the given quantity; divide the first term of 
the remainder by the same divisor as before, and proceed in 
this manner till the whole is finished. 

Ex. 1. What is the cube root of aJ»+6aH»— 40ar«+96a;+64? 
ar«+6ar«— 40a?»+96a:+64 (a?fl+2»— 4 



30^) 6a:» 



a?» + 6aH*+12a:*+8a:» 



3x*^— 12ar* 



^e+eaH^— 40a?8+96x— 64. 
Ex. 2. Required the cube root of ««— 6 a?H 1 5 «^— 20 «» 

Ex. 3. Required the fifth root of 32aH^80a:*+80a?«^— 4(to» 
+ 10a>— U 

Ex. 4. Required the fourth root of 16a«^96rf»a?+2ie«^a^ 
— 216a»»+81«*. 
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XVL 

On the general mode of expressing the Powers and Roots of 
Quantities by means of Indices. 

65. The management of Surd quantities, and the method of 
extracting the roots of compound algebraic quantities by means 
of the Binomial Theorem, will be treated of hereafter; but 
before we conclude this Chapter, it may be proper to make a 
few observations on the method of expressing the powers and 
roots of quantities by means of indices, 

I. Since dXa^=a^^a^'^^; a«xa8=a»a=sa»+'; or, in general, 
a*'Xtf*=a'*+", it follows, that the different powers of any 
quantity are multiplied together by adding the indices. 

II. Again, — =s:asaa*~*; ~ =sa"=a*-*; or, in general, — = 

^m— »j from which it appears, that one part of a is divided by 
another, by subtracting the index of the divisor from that of 
the dividend. 

III. The square of «=axa=a*X*=a% 

Cube of a^=a«xa*xa*=a'><'=a®, 
or, in general, «ith power of a«=a*Xa"Xo" to m factors =a«*; 
from this it follows, that the powers of a are raised to other 
powers by multiplying the index of the original power by that 
of the power to which it is to be raised. 

2 

IV. Square root o{a''==a^=a'^; 

4 

Square root of a*sssa^=a^ ; 

n 
Cube root of a^^a^^a^^ &c. &c., i. e. the roots of 

the powers of a are found by dividing the index of the power 

by the number expressing the degree of the root to be taken. 

66. From this method of considering the formation of the 
powers and roots of quantities, a new species of algebraic no- 
tation arises, of which the following are examples. 

I. The roots of quantities may be expressed by fractional 
indices. Thus, 



y Google 



EVOLUTION. 49 

The Square root of a =:a*-5-» =a^,; 

Cube root of a =ia*-*-8 =a^ ; 

or, in general, mth root of a =:a*"T-i» arsa**. 

Again, Cube root of a'=a*-s"' asaa ; 

s 
Square root of a''=a'"«"® =sa^ ; 

6th root of a»=sa*-^» =5sa^; 

n 

or, in general, with root of a*=a""^"* «am* 

II. The signification of the negative indices arising from 
Rule 4 of Division (Art. 23) will easily appear by an example. 

By that Rule, -.ssa^-^saa-". But —=— ; consequently a^" 

and -^ (and, in general, ar^ and-^} are equivalent expressions. 

Hence it follows that a^ will always represent unity, whatever 

be the value of a; for, by the Itule, -—aaaow-**,' or l»a**. 

A comparison of the following series, in the first of which 
every succeeding term is the quotient of the preceding divided 
by a, and, in the second, the index of a is continually diminish- 
ed by 1, will show that the above conclusions naturally follow 
from the notation adopted in Art. 7. 

1 1 1 

aaa aa a i - — 

a aa aaa 

III. From this it follows, that any factor may be removed 
from the namtrator of a fraction into the denominator^ or from 
the denominator into the numerator^ by changing the sign of its 
index. 

E 
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50 BRIDGETS ALGEBBA. 

1 a' 

Ex. 1. Thus(since rjssB^) rj may be* expressed by a»i"~«; 

and (since a*-—.), we have ^^^—x^^^^^^ 

I s 
Bx. 2. The quantity -£-^ maybe expressed by o*6 c~*<l~V^, 
c'deT 

o'»»y-:q-4-T-rr 
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CHAP. IV. 

ON SIMPLE EQUATIONS. 

When two algebraic quantities are connected together by 
the sign of equality, the whole expression thus formed is called 
(Art. 11) an Equation. Equations, as applied to the solution 
of questions or problems, consist of quantities, some of which 
are known^ and others unftnotm; and by the solution of an 
equation is meant, the operation by which,the value of the un- 
known quantities are found in terms of the known ones. If an 
equation contains no p&wer of the unknown quantities, but those 
quantities merely in their simplest form, it is called a Simple 
Equation; if it contains the square of the unknown quantity, it 
is called a Quadraiic Equation; if the cube of the unknown 
quantity, a Cubic Equation; &c. &c Th^ present Chapter 
will be occupied entirely with the solution of Simple Equations, 
and questions depending upon them. 



XVII. 



On the Solution of Simple Equations^ containing only one 
unknown quantity, 
67. The Rules absolutely necessary for the solution of simple 
equations containing only one unknown quantity may be reduced 
to four, and may be arranged in the following order. 

Rui.£ I. 
Any quantity may be transferred from one side of the equation 
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52 bhidoe's aloebha. 

to the other, by changing its sign ; and it is founded upon the 
axiom» that if equals be added to or subtracted from equals, the 
sums or remainders will be equal. 

Ex. 1. Let ar+B»15; subtract 8 from each side of the 
equation, and it becomes a?+8 — 8=sl6 — 8; but 8 — 8=0, 
/. a;»15 — 8aa7. 

Ex. 2. Let X — 7as20; add 7 to each side of the equation, 
then a>— 7+7=20+7; but ~7+7«0, .-. xs=20+7=»27. 

Ex. 3. Let 3a;— 5»22; + 9; add 5 to each side of the 
equation, and it becomes 3x — 5+5si2x+9+5, or3a;^2x 
+9+5. Subtract 2 a? from each side of this latter equation, 
then 3a:^2x=2a?— -2a?+9+5; but 2a?— 2aj=0, .'. 3a;— 2a: 
=39+6. Now 3a; — 2a;=a? and 9+5=14; hence x=3l4. 

On reviewing the steps of these examples, it appears, 

1. That a;+8=3 15 is equivalent to .... a;=16— 8. 

2. . . . «— 7=20 .... to ... . a:=20+7. 

3. . . .3a:— 5=2a?+9 . . . to . . 3a; — 2ap= 9+5. 
Or, that the equality of the quantities on each side of the 

equation, is not affected by removing a quantity from one side 
of the equation to^ the other and changing its sign. 

From this Rule also it appears, that if the same quantity 
with the same sign be found on both sides of an equation, it 
may be leh out of the equation; thus, if x+asssc+a^ then 
XsstC+Of^^a; but a — a=0, .*. a;=sC. 

It furtljer appears, that the signs of all the terms of an equa- 
tion may be changed from + to — , or from — to +, without 
altering the value of the unknown quantity. For let x — b 
rssc^--^; then, by the Rule, a;=c— ^a+d; change the signs of 
aU the terms, then b — ^a;=a— c, in which case b — a+c=sx^ or 
a?=o-— <i+6, as before. 

Rule IL 
If the unknown quantity has a coefficient, then its value may 
be found by dividing each side of the equation by that coeffi- 
cient; and the foundation of the rule is, that if equals be divided 
by the same, the quotients arising will be equal. 
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Ex. 1 . Let 2xsb\4\ then dividing both sides of the equation 

._ « , 2x 14 ^ 2ar , 14 „ 

by 2, we have ---=---: but-^as:;]?, and tt^^, .*. aj=7. 
^ 2 2 2 2 

. Ex. 2. Let 6a?+10aB3a;+22; then, by Hulb I. 6x—3x 

Sx 12 
=22— 10, or 3a?«12; dtou2e each side by 3, then -3 ="3' 

or Xs=s4. 

ax &-4-C GX 

Ex. 3, Let axsab+c; then — a ; but — saxi 

b+e 
• -^"^ a 

RVLE III. 

An equation may be cleared of fractions, by multiplying each 
side of the equation by the denominators of the fractions in 
succession, or by their product. This Rule goes upon the 
principle, that if equals be multiplied by the same, the products 
arising will be equal. 

X 

Ex. 1. Let ~a6; multiply each side of the equation by 3, 
then (since, from what has been already shown, the multipli- 

X 

cation of the fraction - by 3, just takes away its denominator, 
and gives x) we have a?xs6x3asi8. 

X X 

Ex.2. Let--f-rn7; muUipiy each side of the equation 

2 o 

2x 
by 2, and we have x + — ^l4; now multiply each side by 6, 

and it becomes Bx+ZxssalO^ or 7xas70; hence, by Rvlb II. 
a:==y-lO. 

Ex.3. Let|+|«13-.|- 
E 2 
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Multiply each side of the equation by 2, then x+ — s= 2e 

by3,and3a?+2a?« 78 — —, 

4 

by4,andl2a?+8a?==312— 6x. 

By Rule I. 1 2af +8ar+ 6a?=312 

or26a;s3t2 

.-. by Rule II. «»^= 12. 

20 

This Example might have been solved more simply, by mul- 
tiplying each side of the equation by the product of the num- 
bers 2, 3, 4, which is 24. 

XX X 

Thus. 5+3-13-,- 
Multiply each side by 24, then !lf+!lf =3l2-?i?, 

* 3 4 

or 12a;+8a:=:312— 6a?, as before. 



Rule IV. 

If the equation contains the square root of the unknown 
quantity, or the square root of the unknown quantity combined 
with some known quantity; th§n, let this surd quantity be 
brought by itself to one side of the equation, and let both sides 
of the equation be squared; the value of the unknown quantity 
may then be found by the preceding Rules. This Rule goes 
upon the supposition, that if the square root of a quantity be 
equal to any given quantity, then the quantity itseilf will be 
equal to the square of that given quantity. 

Ex. 1. Let 5/a?--6=3 ; then by Rule I. v^x=:6+3==8 ; 
square both sides of the equation^ then a?tsss8x8=64. 

Ex.2. Let v'2a?+l+2=5; then, by Rule L v'2a?+l 
ss5— 2ss3 ] square both sides of the equation, and we have 

2ic+ls^9, .•.2a?=9— '1=58, and a?=:^r=4. 
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68. The following Examples will serve to exercise the learner 
in these several Rules. 

In Rule I. 
Ex. 1. 2x+3 s= x+n . . . Answer, a?=«l 4. 

Ex.2. 6x— 4 =s4a?+25 a?=a29. 

Ex. 3. Ix-^d b6«— 3 .... . . xsa 6. 

Ex.4. 4a?+2a=3a?+96 ar=s9&— 2a. 

In Rules I. II. 
Ex.1. 10a?=al05 . . Answer, xa 15. 

Ex. 2. - 16ar+4=34 ...... 3?-= 2. 

Ex.3. 8a?+7=6a?+27 . . . . a;«10. 

Ex. 4. 9a?— 3=«4a?+22 . . . . a?= 5. 

Ex.5. 17x — 4a?+8«3a?+39 .... 0?= 3. 

Ex. 6. aa?— c«ft+2c . , . . . a?«5±£?. 

a 

In Rules 1. 11. III. 

2x X 
Ex.1. ~+-s=22 .... Answer, a?ss24. 

„ ^ 7x 5x 55 

E«-2. ^— ^g-^-g- ^«ia 

Ex.3. |+|«31-| ar«30. 

Ex. 4. ^-|+|=.44 :.=60. 

In Rum IV. 
Ex. 1. v^a?~Js5s:4 .... Answer, a?5as25. 

Ex.2. v^3a?+l+6=10 arsi8. 

Ex.3. 15+V'»+7=12 a:*=9. „ 

69. In the application of these Rules to the solution of sim'» 
pie equations in general containing only one unknown quantity, 
it will be proper to observe the following method. 
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I. To clear the equation of fractions by Rulb III. 

II. To collect the unknown quantities on one side of the 
equation, and the knoton on the other, by Rule I. 

III. To find the value of the unknown quantity by dividiDg 
each side of the equation by its coefficient, as in Rulb IL 

IV. If the equation contains a mrd quantity, then Rui*s IV. 
must be immediately applied. 

Ex. I. Find the value of x in the equation —+ l ^-H . 

7 6 6 

Ix 91 
Multiply by 7, then Sx+ 7= + 

6 6 • 

by5,, . 15a?+35s=7a?+9l. 

Collect the unknoum quantities on 1 j^^ 7a?aa91— 36. 

<me side, and the known on the C o ^ e»r 

- f or oiC^O/. 

other; j 

66 
Divide by the coefficient of a?, j»s=— «a7. 

iC-+-3 x 

Ex. 2. Find the value of x in the equation -^ 1 =2—^ 

Sx 
Multiply by 6, then x+ 3— 5=10 — -. ; 

by 7, . . 7a:+21— 36=»70— 5a?. 

CoUect the unknoum quantities on 1 ^^^ 5a?«70-21 + 35, 
one side, and the known on the v ^^ i2a?=84 • 
other ; ) 

84 



Ex. 3* Find the value of x in the equation 
a?— 1 , 2a?— 2 , ^^ 

4a? g"""^"*:"?^"^^^* 

Multiply by the ) 40a:-5a?+6«10a?+4a>-4+240.* 
prodttc<(lO), > 

* As this step involves the case ** where the sig^ — stands before 
a fiaction/' when the numerator of that fraction is brought down into 
th« same line mth 4(Xr, the signs of both its terms must be changed, for 
the reasons assigned in Ex. 3, page 25; and we therefore make it 
—5 X+S9 and not -^ 5X'-^5. 

t 
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By transposition, 40ar— 6a>— 10a; — 4a:s=240 — 4 — 6, 
or 40a:— 19a?=231, 

i.e. 21a;=231:.-.ir=s??i=all. 
21 

Ex. 4. Find the value of x in the equation 2ar — -+ 1 =s6a^— 2. 

Multiply by 2, then 4aj— a?+2s=10af— 4/ 

By transposition, 4+2s3lOa?— 407+079 

f? 
or 6=s 7a?; .•. o?=-. 

Ex. 5. What is the value of o; in the equation 3ao?+26o;s=:3c+a. 

Here 3oo?+2&o?=(3o+2&)xoJ ; 

.•. (3a+26) X o:=3c+a. 
Divide each side of the equation by 3a+2&, which is the coef- 
ficient of a;; theno:» — xfL. 
' 30+2& 

Ex. 6. Tind the value of a; in the equation 36a:+a=32aar+4c. 
Bring the mikn&wn quantities to one side of the equation, and 
the Tmoum to the other; then, 

3bx — 2axz=4c^^ 
but 36 a?— 2aa?=5(36^— 2o) x o?; 
• •.(36 — 2d)x=»4i 



Divide by 36— 2a, and ar* ^"^^ 



36 — 2a 

Ex. 7. Find the value of o? in the equation 6o;+o?=s2o?+3a. 
Transpose 2o?, then 6o?+a; — 2o?=a3a, 
or6o?— 07=30, 
but6a5^— a?=s(6 — i)x% 

••.(6— l)ars=3a, or Xssj- — -. 

3a? X 2a? 

Ex. 8. Find the value of « in the equation — — c+^5ss4a?+-- 

a o d 

Multiply by dbd^ then Sbdx — a6cc!+acte=»4a6da?+2a6a?. 

By transposition, 36da?+ada; — 4a6da; — 2a6a?»a6cd, 

or {3bd+ad — iabdr^2ab)xssdbcd 

abed 

•'• * *'36cf+£W^— 4a6c^-2c6. 
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Ex, 9. Let v^x+v^a+a?=»~7=== to find the value of a?. 

Multiply by v'a+x^then -v/a?X v^a+ar+a+a?=s2a. 
By transposiiimy y/xX's/a+x ^^ar-^a^^Xs^a — x. 

Square both sides, x X {a+x) =a»— 2aa?4-a?»; 

or ax+x"" =»a^i— 2aaj+»*; 

r.Sax ^ aaH* 

a' a 

Ex. 10. Let a+aJFsv^a»+a?v^6^+x» to find the value of a?. 
Square both sides, and we have a*+2ax+a?*a=a^+aPv'^+«% 

or 2 aa?+a?»=a?v^^+a?«. 
Divide by a?, 2a+a: =v^6*+a?*. 
Square cr^ain, 4a*+4aa?+a:*=5&^+ a?^; 
.*. 4a»+4aar==:ft», 

or 4aaJ«=ft*— 4o*. 

Hence. a:== — =-r"— *«• 

' 4 a 4a 

Ex. 11. a:+?+f»U ... * Answeb, a?=:6. 

Ex.12. ?4.?+?=x?+17 a?=60. 

Ex.13. 4a?— 20«?f^j-112 . .... ar«=10. 
7^ 7 

Ex. T4. ?+?_?;«i a:«l 

2^3 4 2 7 

Ex. 16. 3a?+-«^ ir«i. 

9 3 3 

Ex. 16. ?f— 6«29— 2a? a?«14. 

7 

Ex. 17. 6a?— — — 9=6a? a?=»36. 

4 
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Ex.18. 2^-£+5+,5-H±l±6 . . a>=12. 
3 6 

Ex.19.. f=?+|=2o-^ x=18. 

Ex.20. 5ar-!^' + i=.3a!+'^+7 . a:=8. 

Ex.21. 2ax+b^3cx+4a ^^ 4a— ft 

2a„3c 

Ex.22. Sao?— 2*+4te«2a;+6c . . . a?«:-4^±^. 

6a+4fr— 2 

Ex.23. 6a?+2aj-^«3a;+2c . • . x^^^^ 
Ex.24. 3x^+cx^''±^j!i:^ . - 4«^* 



8a+3ac— 3 



XVIII. 



On <A6 Solution of Simfk EquaiioM containing two or more 
uhknoion Quantities. 

For the solution of equations containing two or more un- 
known quantities, as many independent equations are requiredv 
as there are unknown quantities. 

70. There are three different Rules by which the value of 
one of two unknown quantities may be determined; 

Rule L 

Multiply the first equation by the coefficient of a? in the second 
equation, and the second equation by the coefficient of a? in the 
first equation ; subtract the last of these resulting equations 
from the /r*f, and there will arise an equation ijrhich contains 
only y and known quantitiesi from which the value of jf k de- 
termined. 
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Rule IL 
The value of x in the Jirst equation must be put equal to its 
value in the second^ and there will arise a new equation involv- 
ing only y^ from which the same value ofy is found as before. 

Rule III. 
The value of x found from the Jirst equation must be sub- 
stituted, for it in the second^ and there will arise an equation 
which gives the same value of y as in the two former instances. 

71. Having determined the value of y, the value of x may 
be found in each case, by substituting this value for y either in 
the first or second equation. 

72. From hence it appears, that in finding the value of y, 
either of the three Rules may be applied ; and that in finding 
the value of a?, the value of y so found may be substituted either 
in the first or second equation. In the choice of the Rule which 
may be most adapted to practical application, experience only 
can be our guide. 

73. The following examples are intended to illustrate each 
Rule separately ; 

Ex.J. Let 6a?+4y-=55(A)* ^ to find the values 
3 a?+ 2 3^=3 1(5) 5 of a? and y. 



By Rule I. 
Multiply (A) by 3, then \5x+Uy^\65 
. . . . (5)hy6, . .. 16a?+103(«=166 



10 
.•. by suhtrcuition^ we have S^slO, or j^ss-g-srsf. 

55+4y 
Now from equation (A) we have Xss — r — ss (since y==6, 

66—20 36 
and . •. 4 3^=20) — g— "^y^"^- 



(A) denotes first equadon^ or equation marked A. 
{B ) denotes second equation, or equation marked B. 
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Ex. 2. Let x+4y^\6 (A) 
4x+ y=34C^) 

From equation (^), we have 2=16 — 4y, 



(B) . . .=r«5i=?. 



Hence, by Rule II. ^ =16— 4 y, 

or 34 — y«64 — 16 y ; 
.-. 15y=^30 or y= 



30 



15 

It has already been shown that a?ssl6-— 4ys= (since y=:2, 
and .*. 4y=s8) 16— 8=s8. 

Ex.3. Let^+ 8y«31 (A) 



3 
?!i:^+10a?« 192(B). 

Clear cq"". (A) of fract*. a:+2+24y= 93, or a?+24yte: 91(C) 
. . , . (jB) . . . y+5+40a?=768,ory+40a?=:763(Z>) 
From equation (C), aJs=»91 — 24y; by Rule III. substitute^ Ihis 
value of X in equation (D); then we have, 
y+40(91— 24y)==763 
ory+3640 —960^=763 

.•. 959yc=:3640— 763«2877 

andy«=i?II«3. 
^ 969 

By referring to equation (C), we have «aas9l^— 24y» (since 

y«3, and .•• 24y=72) 91—72=19. 

Ex. 4. Let 3 a:+4 y=29 (A), 
l7as-3y=36(B). 

In this example, the Rule mentioned in Art. 72 may be ap- 
plied. 

Multiply equation (A) by 3, then 9 «+ I2y=s 87 (C) 
(B)by4, . . 68av-12y«:144(Z>) 

231 
Aid equation (JD) to (C), then 77 a:a3231, or a?xs_«3. 
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From equation {A) we have 4 y«29— 3 ar« (since a?=3, and 

20 
.•. 3a?=a9) 29— 9«20; hence y=-j.=6. 



Ex. 5. 
Ex, 6. 
Ex. 7. 
Ex. 8. 

Ex. 9. 



r=31 •)* 

1=22) 



4a?+3y=31 
3x4-22^ 

3a;+2y==:40') 
2ar+3y=a36 > 

5ic— 4y=19") 
4a?4.2y=36 5 

3a?+73(=79") 
2y— ia?= 9 5 



V^+3=4 



Ex. 10. ^-2y==: 2*] 



3 

2a; — 4 
5 



2x* — 3 
Ex. 11. ^+y= 7 

.« 67 
5ar— 13y=y 



Ex. 12. 



3a?— 73( 2x+y+\ 
—3— =—6 



Ca:=4 
. Answbb, ^ - 

.... 5 



x=10 

ysas 5. 

:7 



C«=7 



1 



y= 7. 

a?=ll. 
= 4. 



Ca?=ll 
iy= 1- 

Ca?=»8 






13 
3. 



74. When three unknown quantities are concerned, the 
equations may be resolved as in the following example. 

This mode of operation may be easily extended to equations 
containing any number of unknown quantities. 
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Ex. 1. Let 2x+3y+4z=29 (E) ^ ^^ g„^ ^j,^^^, 

3x+2s^+5^=32 (P) >iuesofa:,y,*. 
4ar+3y+2«=25 ({?) ; 

I. Multiply (E) by 3, then 6ir+9y+l 2^^=87 (fl) 
. . , (J) by 2, . . 6a? + 4y+10^=:=64(JK:). 

Subtract (g) from (fl) . . 5y+ 2ig=23(L> 
Multiply (jP)by4,thenl2a?+8y+202;=128 
. . . (6?)by3 , . 12arH-9y+ 6^=75 

Subtract \-.y+ 14^5=53 (M). 

n. Hence the given eiquations are reduced to, 

By+ 22!=23(L) 

Again . . &y+ 2;5=23 

Multiply (M) by 6, then — 5y+70ig=265 

""^ n 288 . 

By a<2di<ion • . . 72«=288, or is= -^ =4. 

Prom equation (M) y=14«— 63=66— 53=3, 

29 — 3y— 45? 29—25 
III. From equation (JS) . . «= ^ — 

Ex. 2. a?+y+»=90 1 

2 a? + 40=3y+20 C . • . Answeb, 

2a?+ 40=4^+10) 
Ex. 3. x+ y+ z=z 53 S 

X+2y+3z^\05\ 

a?+33(+4«=»134\ 




XIX. 



The Solution of Questions producing Simple Equations. 
In the reduction and management of equations, we have pro- 
ceeded by fixed and stated rules; but in the solution of questions 
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we ha?e no such rules to guide us. Every particular questioD 
requires a distinct process of reasoning, to bring it into an alge- 
braic form; and nothing but practice and experience can produce 
expertness and facility in conducting this process. All that can 
be done for the learner in this case, is, to explain the manner 
in which the principles of this science may be made to bear upon 
questions in general ; for as soon as they can be brought into 
the shape of equcUians^ we ha?e only to apply the foregoing 
Rules for finding the value of the unknown quantity or quan- 
tities. Before we proceed, therefore, to any. actual examples, 
it may be proper to show the relation which arithmetical and 
algebraic operations stand in to each other. 

75. Suppose the following arithmetical question was pro- 
posed for solution ; viz. " To divide the number 36 into two 
such parts, that one part may exceed the other part by 9.** 
A person unacquainted with Algebra might with no great diffi- 
culty solve this question in the following manner. 

I. It appears, in the first place, that there must be a greater 
and a lesser part. 

II. The greater part must exceed the lesser by 9. 

III. But it is evident that the greater and lesser parts added 
together must be equal to the whole number 35.' 

IV. If then we substitute for the greater part its eqmvaleniy 
viz. " the lesser part increased by 9," it follows, that the lesser 
part increased by 9, with the addition of the said lesser part, 
is equal to 35. 

V. Or, in other words, that twice the lesser part with the 
addition of 9, is equal to 35. 

VI. Therefore, twice the lesser part must be equal to 35, 
with 9 subtracted from it. 

VII. Hence, twice the lesser part is equal to 26. 

VIII. From which we conclude, that the lesser part is equal 
to 26 divided by 2; i. e. to 13. 

IX. And consequently, as the greater part exceeds the lesser 
by 9, it must be equal to 22. 

But by adopting the method of algebraic notation, the diA 
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ferent steps of this solution may be mach moro briefly expressed 
as follows. 

1. Let the le^^er part ^x. 

2. Then the greater part =ar+9, 

3. But greater part + lesser part . . . a"36. 
4.-.% a? + 9+a? «36. 

5. or2a?+9 —36. 

6. .\2x .......... «36— 9. ^ 

7. or 2 a? «26. 

26 

8. .'. « (tewer part) «— =13. 

9. and «+ 9 (greater part) «13+9«=22. 

76. Having thus explained the manner in which the several 
steps in the solution of an arithpetical question may be ex- 
pressed in the language of Algebra, we now proceed to its 
exemplification. 

Question 1. There are two numbers whose difference is 
15, and their sum 59. What are the numbers? - 

As their difference is 15, it is evident that the greater num-. 
ber must exceed the lesser by 15. 

Letf therefore, a^sathe lesser number 

then will x+ 1 5=sXhe greater 

But their «tim3s59 . 

.% a:+a?+l5a=59 

or 2a?+15Ba59 

and 2 ara59— 15»44 

44 
.\X9s~ssx22 the lesser number 

and x+15ai22+15aB37 the greater. 

Qi7. 2. What two numbers are those whose difference is 9; 
and if three times the greater be added to five times the lesser, 
the sum shall be 35 ? 
F 2 
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Let a;athe lesser number; 
then x+9v»greater number. 
And 3 times the greater«3x (a;+9)s=3 x+27. 
5 <tme« the lessera=s5 x. 
But by the question, 3 times the greater+5 times the Ies8er=s35. 
Hence, (3a?+27) + (5a:) . . . =36, 
.-. 8a?+27=35, 
or. 8 a;=35— 27=8; .•. a?s=l lesser number, 

and «+ 9= 1+9= 10 the greater number. 

Qu. 3. What number is that to which 10 being added, fths 
ofthe sum shall be 66? 

Let a?=the number required ; 

then a?+10=the number, with 10 added to it. 

3 3fa;+10l 3a;+30 
Now|tlisof (a?+10>=:-(a? +10) = > ^ ^ = 

But, by the question, |ths of (ar+10)=66 ; 

„ 3a?+30 _ 

Hence, —- — r — s=sob. 
5 

Multiply by 6, then 3 a?+30=330 ; 

300 
• . •. 3 ar=330— 30=300 ; or «=— - =100. 

* *^ 

Qu. 4. What number is that which being multiplied by 6, 
the product increased by 18, and that sum divided by 9, the 
quotient shall be 20 ? 

Let a?=the number required; 
then 6a?=the number multiplied by 6; 
6 a? + 1 8=the product increased by 18, 

and i^iH=that sum divided by 9. 
y 

6a?+18 ^^ 
Hence, by the question, — - — =20. 

Multiply by 9, then 6 ar+ 18=180, 

162 
or 6«»:180*-18«J62; .•.a?=_-=27. 
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Qx7. 5. A post is ^th in the earth, ^ths in the water, and 
13 feet out of the water. What is the length of the post ? 
Let a;slength of the post ; 

then -=the part of it in the earth, 
6 

Sx 

— sssthe part of it in the water, 

13 =3 the part of it out of the water. 
But part in earth+partin water+partout of watersswkole post; 

... (I) ., (^) + 

15ar 
Multiply by 5, then x-i 1-65 =6 a?; 

. . . by 7 . . 7a?+16a?+465=36a?, 

or 456=5s36a: — 7a? — 15a?=sl3ar. 

465 
Hence a?=-T^ =35 length of post. 

Qt7. 6. After paying away ^th and |th of my money, I had 
B51, left in ray purse. What money had I at first ? 

Let 0? =3 money in my purse at first ; 

X X 

then — f— ssmoney paid away. 

But money at first — money paid away =s money remaining. 

Hence a? — (l+fy *" ^^' 

X X 

1. e. X — -— - as 86. 
4 7 

Multiply by 4, then 4a?— as-3^=a 340; 
. . - . by 7 . . 28a^— 7a:— 4a:=t:2380, 

.-. 17a?*:2380; or a?s«?i?2«140l. 

Qu. 7. Of a battalion of soldiers (the officers being included) 
^ths are on duty, ^^h are sick, |ths of the remainder are ab- 
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sent, aed (bere are 48 officers. What id the number of persons 
in the battalion ? 

Let (Tsstbe number of persons in the b&ttalios. 

Then Jths of «, or rr,=sBmen on duly, 
4 

T-Vh of J?, or —^sstihe sick ; 

And —4.— or — =a — «mcn on duty and sick. 
^ 4^10' '^ 40' 20 ^ 

Hence a? — _-:-_?=s remainder, 
20 20 

And 4ths of i^,or— ^, a |ihs of remainder » the absent. 
^ 20 100 ^ 

But the men on duty^ the «t^A;, the a&^^sif, and the officers 
together make up the whole battalion ; 

i e. — 4- — + 48=a?, 
* ®' 20 ^ 100 

or 17a; + ?f +960 =20 a: ; 
6 

.-. 85a;+9a;+4800 =lOOar. 

Hence 100 a?— 86ar— 9a?=4800, 

or6«=4800; or aj-s:1522«800. 
6 

Qu. 8. There are two numbers, such, that 3 times the 
greater added to |d the lesser is equal to 36; and if twice the 
greater be subtracted from 6 times the lesser, and the remain- 
der divided by 8, the quotient will be 4. What are the numbers? 
Let «=: the greater number, 
y=s the lesser number; 



Then3ic+|==36^ 9^+ y=108 

'^ 4 



6y— 2a? ^ r ®'; 6y— 2a:= 32; 



8 



Or,y+9;c=108(^), 
. 63^-^2 a?= 32(B), 
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Multiply equation (A) by 6, then 6 y +64x^648 
Subtract equation {B) ... Qy — 2a?=a 32; 

then 66a:=616; 

From equation A . . 3/=l08— 9a?=l08— 99=9. 

Qu. 9, There is a certain fraction, such, that if I add 3 to 

the numerator, its value will be |; and if I subtract one from 

the denominator, its value will be J. What is the fraction ? 

Let a;=its numerator > ,, * i - ,. . x 
> then the fraction is —. 
y= denominator > y 

Add 3 to the numerator, then — — =« / 3 a?+9--w 

a? It ' 6ar=y— 1. 
Subtract one from denom', and ' — j=^ J 

By transposition^ y — 3a;==s9 (A), 
j^5a?=l \b). 
Subtract equation (B) from (-A), and we have 
2a?=8; 

.•, ar= -=4 the numerator. 
2 

From equation (A) y= 9+3 a?= 9+ 12= 21 the denominator. 

4 
Hence the fraction required is gj* 

Qu. 10. A. and B* have certain sums of money ;- says A. 
to B,y give me 15/. of your money, and I shall have 6 times as 
much as you ^ill have left ; says B* to A., give me 6Z. of your 
money, and I shall have exactly as much as you will have left. 
What sum of money had each ? 

Let a?=ail.'s money > then a?+l6=what A. would have after 
y^B.'s ... 5 receiving 16Z. fk>m B. 

* y— 15=what B. would ha^e left 

Again, y+ 5s=what B. would have after 
receiving 52. from A. 
07— 5sswhat A* would have left« 
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Hence, by the question^ a?+16=5x(y— 16)=s5y*— 76, 
and y+ 6=sa?— 5. 
By transposition. By — a?=90 (il), ") 
andy— a?=— 10(B). > 
Subtract (B) from (A), 4y^l00; 

.'. ys=z 26=B. 's money. 
From equation (B), a:=3/+ 10 = 25+ 10=36= A's money. 

Qtj. 11. A person bought a certain number of sheep fin- 

941,] having lost 7 of them, be sold :|th of the remainder of 

them at prime cost for 20L How many sheep had he at first ? 

Let x= number of sheep he had at first. 

r«. 94 whole sum - u ^ r u 

Then — ^ —, = what each sheep cost. 

X number of sheep 

Now a?— 7= number remaining when 7 were lost; 
.•.—---= the number sold for 20Z, 

But the number sold X price of each = whole price of sheep sold. 

X — 7 94 
Hence, by suhatUutioriy -r — X --= 20, 
^ X 

or(a?— 7)x94 =80 a?, 

i. e.94a: — 668=80ar, 

or 94 a?— 80a? =3 668, 

.•.14a?=668; ora?«^«47. 

Qu. 12. A, and JB. have the same income ; A. is extrava- 
gant, and contracts an annual debt amounting to |th of it ; B. 
lives upon |ths of it ; at the end of 10 years, B. lends A, mo- 
ney enough to pay off his debts, and has then 160/. to spare. 
What is their income ? 

Let a?= their income. 

X 

Then |th of a?, or ^ A.'s annual debt. 

X 10a; 
and \OXtj o' -y=A.'s debt contracted in 10 year*. 
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Asi^.liTes upon^ths of his income, he saves aDnualljr }th of it; 

hence, ?=rs£.'s annual saving, 
5 

and 10 X-, or — -^ o' 2a:=iS.*s savings in 10 years. 

But, by the question, E.'s savings ==3 ii.'s debt + 160 ; 

lOwC 
. •. by substitution, 2 a? = — + 1 60. 

orl4a:==10a?+1120, 

1120 

and 4a? = 1 1 20; or x = = 280/. 

4 

Qir. 13. A person was desirous of relieving a certain num- 
ber of beggars by giving them 2s. 6d* each, but found that he 
had not money enough in his pocket by 3 shillings ; he then 
gave them 2 shillings each, and had four shillings* to spare. 
What money had he in his pocket; and how many beggars did 
he relieve ? 

Let xs=money in his pocket (in shiUings), 
y= number of beggars. 

Then 2jxy, or-? = No. ofskiW. which would have 

been given at 2s. 6d. each. 

and 2xy, or 2^5= at 2*. each. 

Hence, by the question,-^- ^x+3 (A), 
and 2y=x — 4 (B). 

V 
Subtract(S)from(A),then2«7, or 3^aBl4,the number of beg- 
gars, 
From eqn. (5), rc=:2y4-4=28-|-4==:32 shillings in his pocket. 

Qu. 14. A person passed \ih of his age in childhood, -j^^th 
in youth, 4-th +b years in matrimony; he had then a son whom 
he survived 4 years, and who reached only half the age of his 
ikther. At what age did this person die ? 
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Let o^sa age of the person at the time of his death. 

Then -aetime spent in childhood. 
6 

X 
^=s . . • in youth. 

« ... 

-^5=s . . . m matrimony. 

X HH X 

.•. ^+7^+«+5— age of the person when the son was 

born, 

ando? — "a^Jo — =•— 6= interval between birth of the son 

and the old man's death ; 

r.x — g— To — 7 — 5-— 4= age of the son when he died. 

But, by the question, the son died at h the age of his father, 

Hence, a>— - — -7:— - — 9= -• 
' 6 12 7 2 

I2x 
Multiply by 12, then 12a?— 2ar— a? 108=6a?. 

or3:» —=108, 

and 21a?— 120?= 756; 
. •• 9a: =766; or a?= — == 84. 

Qv. 16. To find a number, such, that whether it is divided 
into two or three equal parts, the continued product of the parts 
shall be equal to the same quantity. 

Let x=: the number required. 

X X 

Then 0X3 =continued product, when the number is 

divided into two parts 

XXX 

and gX^Xg=continued product, when the number is 



divided into three parts. 
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, by "> a? ^^^ XX ^ ^ 
ion, 5 2^2^3^3^3' ""^ T**!?' 



Hence, by 
the question 

Divide by a?*, then 27«4 or, 

27 
and :Ba-rBs64, the number required. 
4 

Qv. 16. TJ»ere is a certain number, consisting of two digits. 
The Mflt of those digits is 5; and if 9 be added to the number 
itself, the digits will be inverted. What is the number ? 
Let Xsaleft'kand digit. 
IfissrigJU'kand digit. 
Then by Art. 61, tOx+y^ihe number itself, 

and 10^-|-a?athe number with its digits iroferted. 
Hence, by the question, x+ysssS (A), 
and \0x+y+9aml0y+x^ or 9aj— %==— 9, or ar— y=a— I (JB). 
Subtract (5) from (A), then 2y=6, and ^=3, 

a?=a5— y=s5— 3=2 ; 
.'. the number is (lOx + y) 23. 
Add 9 to this number,^ and it becomes 32, which is the number 
with the digits interted. 

Qu. 17. What two numbers are those whose difference is 
10; and if 15 be added to their sum, the whole Will be 43? 

Answer, 9, and 19. 

Qt7. 18. There are two numbers whose difference is 14; 
and if 9 times the lesser be subtracted from 6 times the greater, 
the remainder Ivill be 33. What are the numbers ? 

Aksw. 17, and 31. 

Qu. 19. What number is that, to which if I add 20, and 
from |ds of this sum I subtract 12, the remainder shall be 10 ? 

Answ. 13. 

Qu. 20. What number is that, of which if I add id, ith, 
and fths together, the sum shall be 73 ? Answ. 84. 

Qu. 21. Two persons, A and B., hiy out equal sumcr of 

G 

« 
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money in trade ; A. gains 120Z., and B, loses SOL; and now 
A.'s money is treble of B.'s. What sum had each at first ? 

Answ. 180Z. 

Qu. 22. What number is that whose Id part exceeds its 
|th by 72 ? ' Answ. 540. 

Qu. 23. There are two numbers whose sum is 37 ; and if 
3 times the lesser be subtracted from 4 times the greater, and 
this difference divided by 6, the quotient will be 6. What are 
the numbers ? Answ. 21, and 16. 

Qu. 24. There are two numbers whose sum is 49 ; and if 
fth of the lesser be subtracted from -J^th of the greater, the 
remainder will be 6. What are the nunibers ? 

Answ. 35, and 14. 

Qu. 25. What two numbers are those, to one-third the 
sum of which if I add 13, the result shall be 17 ; and if from 
half their difference I subtract one, the remainder shall be two? 

Answ. 9, and 3. 

Qu. 26. There is a certain fraction, such, that if I add one 
'to its numerator, it becomes i; if 3 be added to the denomina- 
tor, it becomes |. What is the fraction ? 

Answ. --r- 
12 

Qu. 27. A person has two horses, and a saddle worth lOZ.; 

if the saddle be put on the first horae^ his value becomes double 

that of the second; but if the saddle be put on the second horse, 

W^ value will not amount to that of the ^r*^ horse by 13i. 

What is the value of each horse ? Answ. 56, and 33. 

Qu. 28. To divide the number 72 into three parts, so that 
i the first part shall be equal to the second^ and |ths of the 
second pai^tequal to the third. Answ. 40, 20, and 12. 

Qu. 29. A person after spending l-th of his income plus 
lOZ., had then remaining i of it pltts 35Z. Required his in- 
come. , Answ. 160/. 

Qu. 30. A gamester at one sitting lost -J-th of his money, 
and then woa 10 shillings; at a second he lost |d of the re* 
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mainder, and then won 3 filings ; after which he had 3 guineas 
leA. What money had he at Cumt ? Answ. 52. 

Qu. 31. There are two numbers, such, that I the greater 
added to H the lesser is 13 ; and if ^ the lesser be taken from 
^d the greater, the remainder is nothing. What are the num- 
bers ? Answ. 18, and 12. 

Qv. 32. There is a certain number, to the sum of whose 
digits if you add 7, the result will be three times the led-hand 
digit; and if from the number itself you subtract 18, the digits 
will be inverted^ What is the number ? Answ. 53. 

QiT. 33. Divide the number 90 into four such parts, that 
the first increased by 2, the second dimnisihed by 2, the third 
multiplied by 2, and the fourth divided by 2, may all be equal 
to the same quantity. Answ. 18, 22,. 10, 40. 

Qu. 34. A merchant has two kinds of tea, one worth 9s. 6d. 
per pound, the other IBs. 6d. How many pounds of each must 
he take to form a chest of 104lbs. which shall be worth 56Z? 

Answ. 33 at 13*. 6d. 

71 at ds. ed. 

Qv, 35. A vessel containing 120 gallons is filled in 10 

ininuti&s by two spouts running successively ; the one runs 14 

gallons in a minute, the other 9 gallons in a minute. For what 

time has each spout run ? 

Answ. 14%allon spout runs 6 minutes. 

9- gallon spout runs 4 minutes. 

Qu. 36. In the composition of a certain number of pounds 

of gunpowder, fds the whole+ 10 was nitre; ^h the whole— 4i 

was sulphur; and the charcoal was ^fth of the nitre — 2. How 

many pounds of gunpowder were there ? Answ. 69 pounds. 

Qu. 37. To find three numbers, such, that the first with 
i the sum of the second and third shall be 120 ; the secmd 
with Jth the difference of the third ^nd first shall be 70 ; and 
i the sum of the three numbers &hall be 95. 

Answ. 60, 65, 75. 
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CHAP. V. 

ON QUADRATIC EQUATIONS. 

QuADBATic Equations are divided into fwre and adfected. 
Pure quadratic equations are those which contain only the 
square of the unknown quantity ; such as a?"=s36; a?»+5=64; 
a X* — 6bbC; &c. Adfected quadratic equations are those which 
involve both the square and simpie power of the unknown 
quantity, such as a?»+4 a?«»46 ; 3 a:*— 2a?s=21; aa^-f-^^^ 
smc-\'d\ &c. d&c. 



XX. 



On the Solution of Pure Quadratic Equations. 
77, Transpose the terms of the equation in such a manner, 
that those which contain 3^ may be on one side of the equation, 
and the hi&um quantities on the other ; divide (if necessary) 
by the coefficient of x^; then extract the spuare root of each 
side of the equation, and it will give the value of a?. 

Ex. 1. Let a;«+6s364. 
By transposition, a?*=»64— 5=!49. 
Extract the square root ^ 
of both sides of the > then a?saB-\/49s=7, 
equation. ) 

Ex.2. Let3a?»— 4«71. 
By transposition, 3 a?*=71 +4=76. 

7J5 
Divide by 3, a:«=— =.25. 

Extract the square root, a?sy^25sss5« 
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"Ex. 3. Let 5a?«— 27 =3 a?" +216. 

By transposition, 6 a;^— 3a?«=215+27, 

or, 2(r*=242 ; 

242 
.-. a:«=— .=3 121, and ajsall. 



Ex. 4. Let aa^ — Z>==c ; 

then aa:*=c4"ft» 

/c+6 
a 



— — _ , _, 

:. a C + & /C 

and a?*=: , or 3:=v / " 



Ex. h. Let aa?'* — 5c=6a?a — 3c+d. 
Then aa?*— &a?»=:t6c— ^c+<?, 
• or(a— 6)a:«=2c+d; - 

.-. a:»= 7-» and a?=v / — ^« 

a — &' Y a— ft 

Ex. 6. 6a?" — 1 =244 , . Answer, a?=7. 

Ex.7. 9ara+9 =3a:'*+63 . . . a?=3. 

F, ft 4a;«+6 

Jix- 8. — -i- —45 37=10. 



9 



Ex.9. 6a?»+c+3 =26a?»+l . . . a?=v/ 
Ex. 10. 2aa?»+6— 4=.ca?»— 6+<i— aa?" . at=W 



c+2 



idf— 6— I 



XXL 



On the Solution ofAdfected QuadraHc Equations. 

78. The most general form under ^Wiich an adfected quadra- 
tic equation can be exhibited is ax^'+bso^c; where a, i, c 
may be any quantities whatever, positive or negativef integral or 
Qft 
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fractional. Divide each side of this equation by a, then 

ju«j.-a:=^. Let-=P4-=3; then this equation is reduced 
a a a a 

to the form «*+p«=g, where p and q may be any quantities 

whatever, positive or negative, integral or fractionaL 

79. From the twofold form under which adfected quadratic 

equations may be expressed, there arise two Rules for their 

' solution. 

RuiiE I. 

Let x*+poc=q. 



to each side of ( x^+px+tt=^+q==tlll. 
quation, then ) 



Add? 
4 

the equation 

p +v'«a+4o* 

Extract the square roof^ g+|« ~ g ^ 

of each side of the equa- \ ^^^^ 

tion, then ) and a?«i-Jl2LJLll'. 

2 

Hence it appears, that " if to each side of the equation there 
be added the square <f half the coeficient of the second term, 
there will arise, on the left-hand side of the equation, a quan- 
tity which ia the square of a?+|; and by extracting the square 

root of each side of the resulting equation, we obtain a simple 
equation, fto» which the value of » may bedeteriuiaed. 

Rule II. 

Let aa^+bxaac. 

Multiply each side of J ^^^^ 4a*ar»+4a6ar«4ac. 

the equation by 4 a, ) 
Add 6*to each side, wehave4a*«*+4a6a?+&"«4ac+6". 

■ II. I ■■! ■ ■ ■ ■ I I ■ « I ■ I " " 

* Since the square of +a ia +a", and of —a is aho +a", the sqiiart 
root of +0* may be either +a or — o ; hence the square root of |>"+4 J 
may be expressed by iV|>' 4-4^. 
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Extract the square root as before, 2iix+bsa+y/4ac+h^ 

.'. 2ax'=s±\^4ac+b^—b 

and a?s= = — 

2a 

From which we infer, that if each side of the equation be 
multiplied by four timea the coefficient of a?', and to each side 
there be added the square of the coefficient ^f a;, the quantity 
on the left-hand side of the equation will be the square of 
9,ax'\'h* Extract the square root of each side of the equation, 
and there arises a simple equation^ from which the value of x 
may be determined.^ 

If a&=l, the equation is reduced to the fbrm x*+pxsssqi in 
this case, therefore, the Rule may be applied, by ^' multiplying 
each side of the equation by 4, and adding the square of the 
coefficient qf a?." 

80. Either of these Rules may of course be applied to the 
solution of adfected quadratic equations; but it may be proper 
to observe, that in equations of the form ax^+bx^ac where a 
is a sTnall number, and in those of the form x^+p xsssq where 
p is an odd number, Rule IJ. will be found by far the most 
c<)nvenient. 

81. From the form in which the value of x is exhibited in 
each of these Rules, it is evident that it will have two values ; 
one corresponding to the sign +, and the other to the sign — -, « 
of the radical quantity. In the following examples, the positive 
values only of x are iqserted at the end of the solution. 

Ex. 1. Leta;'+8ar=x66. 
By Rule I. add the square of 4 ft. ^* t-} to each side of the 
equation, then . . . a^-f &a?+16sB65+16ss81. 



* The principle of this Rule will be found in the Btja OmdtOf a 
Hindoo Treatise on the Elements of Algebra. See Mr Colsbbooks'b 
Translatien of this very curious work. 
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Extract the square root of each side of the equatioD, then 

Cx+^^ or j a;+4=s<^81=9, and a?=5. 

Ex. 2. Let a?'*— 4 a:=46. 
By RuleL addthesquare) ._4^ ^^^^ ^^^^ 
of2, t. c. 4, t]ien > 

Extractthe sq. root,and (z — ?, or j a?— 2=^49=7, and a;=9. 

Ex. 3. Let 3a?»+6a?=42. 
By Rule II. multiply each '^ 

side of the equation by > 36ic»4-60a?=a604. 
(4 a) 12; then ) 

Add (ft») 25 to each side J 36a.«+60^>+26«604+26=»629. 
of the equation, we have ) i t- i r 

Extract the square root of each side of the equation, which 

gives (2aa?+6, or) 6a?+5=s>/629=23, 

.\ 6a?=18, and x=s3, 

Ex. 4. Let 7ic'*— 20a?«32, 
, 20a? 32 
7 7 
Complete the square by Rule I. 

then x^-^+m^^+m^^j^.m^j^ 

7 ^ 49 7 ^ 49 49 ^ 49 ^1^' 

TT 10 7324 18 J 28 

HeDcea.-^=^_=^ and =.-|-4. 

tiplyby4 . Mben 4a?^u-60a?«=— 216. 
Add (&8) 225 to> 

each sido . I *"^ 4a:'— 60a?+226«226— 216=»9. 
Extract the square root, 2a?— 16= + ^9«±3 

.•. 2a?«il5+3aail8 or 12, and aj«9 op 6. 
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Ex. 6. Let 4 a?*— 3«Bss86. 

By Rule IL mnl-^ 
tiply by 16, and I 

add square of 3 >64a?»— 48a?+9=1360+9«l369. 
to each side of I 
the equation. J > 

Extract the) 8«-3=.^1369-37, or «-!2-6. 
square root > 8 



4 x^ X 

Ex.7. Let-^ 11=- 



Multiply by 3, then 4 x^ — 33=ar. 
By transposition . • 4 a?* — a? =33. 
Multiply by 16, and add 1 

1 to each side of the > 64a?»— 16 a? + 1=528 +1=629. 
equation (Rule II.) j 

24 

Extract the square root, 8 a?— 1=^/529=23, or a?=z2=3. 

8 



Ex. 8. Let 6 a?«+4 a?=273 ; 

then a?*+--- ass-—- 
5 6 

Au TJ«,« T -^ . 4a? , 4 273 , 4 1369 

and by Rule I. a?"+ — == — s 

' 5 ^26 6 ^25 26 

2 



2_ / 1369 37 
6^^ Y 26 "" 6 



z+^. 



37 2 36 ^ 
and a?aB--- — -on-— =7. 
6 o 5 



Ex. 9. Let — — L?=6. 
a?+l^a? 

Multy. by a?+ 1, then 7+i^d:?=5a?+6. 

a? 

.... by « ... . 7a? + 2a?+2=6a?»+6a?. 

By transposition, 5 a?*— 4 a?=2. 

By Rule IL lOOa?*— 80a?+16==:40+16«56. 
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bridge's algebra. 



Extract the square root, 10a?— 4=v^66. 

and 10 a?=:^66+ 4=7.48+4=11.48 
11.48 

• o>» — I- 

. . a?- jQ 



si. 148. 



Ex. 10. Let ISoj'^+S a:=:60. 

^. ., , -« , . 2a? 60 
Divide by 13, a?'+— s=y^. 



2a? I 60 1 780 



781 



By Rule I. "^ 

add the square > a?'*-!-— -4 — ~^— -4 — ^sss^^-l — l_s--L!il. 
^j. 1 ^ I ^13^169 13^169 169^169 169^ 

Extract the > 1 v^781 27.94 

} X-\ sss- — 

square root ) ' * '^ 



13 
.-. a?= 



13 13 

27.94— .1 26.94 
l3 



=-^=2.07. 



Ex.11. Leiibx^'-HiXssd. 

Extract the 7 /Tnm—. ^/86d+c«+c 

^C 4fta? — c=rv 86d+c"or a?s= 

square root 3 ^ " * ^"" u w » -r ** vi .«.— 

Ex. 12. a?»+12a?=:108 . 



Ex. 13. a?'*— J4a?=5l . 

Ex. 14. x^'+ebx^c'' . 

Ex. 16. 3a?»+2a?=l61 . 

Ex. 16. 23?*^— 6a?«117 . 

Ex. 17. 3a?«— 2a?=280 . 

Ex. 18. 7a?«— 20a?=32 . 

Ex. 19. 5a?a+4a?=273 . 

Ex.20. 4ar«— 7a?=492. 

Ex.21. |!-i=a?+ll . 

b 

Ex.22. ?^4.1=Z 

3^a? 3 " ' 



46 
a?=6. 
a?=ir. 

a?*=\/c"+96«^— 36. 
a:='7. 
a?=9. 
a?=10. 
a:=54. 
a?=7. 
a?=12. 

a?=12. 
a:=3or i. 
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Ex.23. |!_|=9 . . * . . x^6. 

Ex.24. 4-i+-=3 a?«2. 

Ex. 26. ar«— 34=10? x^6. 

Ex. 26. ?+^=64 a:=26 or 1. 

Ex.27. -iL-+^±i==:l£ . . . ar=2. 

Ex.28. 3fi ^—=:zx—9 . . ar=:10. 

a?+2 6 

Ex.29. a?»— 6a?+19=13 . . . a?=s4. 732 or 1.268. 

Ex. 30. 6icM-4a?=25 .... a:=1.87I. 



Ex.31. 4ax^-^bx:=c .... ar=LtvWi6ac 

8a 



a: . a 2 



Ex.32. -+-«-. ..... a?=sl+^l— a^ 

a X a "~ 



XXII. 



On <i^ Solution of Q^e8t^ons produ^ng Quadratic Equations. 
8^. In the solution of Questions which involve Quadratic 
Equations, sometimes both^ and sometimes only one of the 
values of the unknown quantity, will answer the conditions re- 
quired. This is a circumstance which may always be very 
readily determined by Ae nature of the question itself. 

Question I . To divide the number 56 into two such parts, 
that their product shall be 640. 

Let xssone part, 
then 66 — a?=the o^Acr part, 
apd a:(66 — x)^produet of the two parts. 
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Hence, by the question, a?(66— a?)««640, 
or 56a? — a?»s=640. 
By transposition, a?*— 56a?»ss — 640. 

By completing the square, > ar»— 56a?+784=*784-640= 144; 
(RrUEsL) > ^ 

.•.as-28=±12, and a;=40 or 16. 
In this case it appears that the two values of the unknown 
quantity are the two parts into which the given number was 
required to be divided. 

Qu. 2. There are two numbers whose difference is 7, and 
half their product plus SO is equal to the square of the leaser 
number. What are the numbers ? 

Let Xsssihe lesser number, 
then ar+7s5athe greater number, 

and ^^C^+'^) +30«half their product pZtw 30. 
Hence, by the question, -l-^--i+30asa?« (square of fc^er), 

or -—^ f-SOa-rc*. 

2 

Multiply by 2 . . a:»+7a?+60=2a?«. 
By transposition . . . a?^— 7aJa=60. 

Multiply by 4, and add ^ 4^_2Sx+49^249+49:^ZB9, 
49 (Rule H.) > 

.-. 2 ar— 7=17 

2a?ss24, or x=s\2=^l€sser number ; 
hence x+'7=s:19:=sgreater number. 

Qu. 3. To divide the number 30 into two such parts, that 
their product may be equal to eight tim^ their difference. 

Lelllfc=sthe lesser part, 
then 30 — ic=the greater part, 
and 30 — x — x or 30 — 2 a?=their difference. 
Hence, by the question, ar(30— a?)=«8(30— 2 a?), 
or 30 a?— a:r*=240— 16 x. 
By transposition, a5»— 46 a?»— 240. 
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Complete the square, > ^,_^q a?+ 629=629— 240«289; 
(Rule I.) > 

.*. a?— 23«+l7, 
and a?s-:23+ 1 7s=s40 or G^lesaer part; 
30— a?=;30— 6=a24=agTca<erpart. 

In this case, the solution of the equation giv^s 40 and 6 for 
the lesser part. Now as 40 cannot possibly be a part of 30, 
we take 6 for the lesser part, which gives 24 for the greater 
part; aud the two numbers, 24 and 6, answer the conditions 
required. 

Qu. 4. A person bought cloth for 33Z. 15s. which Im sold 

again at 2Z. Ss. per piece, and gained by the bargain as much 

as one piece cost him. Required the number of pieces. 

Let a;sssthe number of pieces. . 

675 
Then — ssnumber of shillings each piece cost^ 

X 

and 48 a?sinumber of shillings he sold the whole for; 
.% 48a?— 675aBwhat he gained by the bargain. 

Hence, by the question, 48a>— 675«s — . 

X 

By transposition > « 225 ^226 
and division, y 16 "" 16* ^ 

Complete the> ,^226 ^ , 60626 225 60626 66025 
square,(RuLBl.) ) ^ 16 1024 "^ 16 "*" 1024 "" 1024 ' 

225 265 ^ 480 ,, 
'••^— 32="l2'^"^^*l2==^^- 

Qu. 5. " A. and B. set off at the same time to a place at the 
distance of 150 miles. A. travels 3 miles an hour faster than 
B. , and arrives at his journey's end 8 hours and 20 minutes be- 
fore him. At what rate did each person travel per hour P 
Let aj=rate per hour at which B. travels. 

.Thena?+3= A 

H 
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150 
^Qd — Esnumber of hours for which B» travels. 

X 

150^ . 

x+3 

Bat A. is 8 hours and 20 minutes (8| hours) sooner at his 

journey's end than A; 

160 160 

160 25 160 

or — -I as« • 

x+3^3 X 
By reduction, «»+3 a7»64. 

Complete the square,a?*+3a?+-=54+?«??5 (Rule I.); 

4 4 4 





3 


16 




16—3 
and «— -^- = 


s6 miles an 


hour for B. 




ar+3« 


so « • < 


• for ^. 



Qu. 6. Some bees had alighted upon a tree; at one flight 

the square root of half of them went away; at another fths of 

them; two bees then remained^ How many then alighted on 

the tree ?* 

Let 2 x*s=the No. of bees; 

^hena?+^+2=:2:c», 

or 9a?+lBrr«+l8«=l8ar*; 
.-. 18«^— 16(C«— 9a?s=:18, 
or 2a?^— 9a?=:i8. 
(RuLB II.) Multiply by 8, 

16a?»— 72ar«144. 
Add 81 ; then 16«»— 72a? + 8 1 =„226, 
or 4a? — 9=3 16; 
.•.4a;=16+9=24,anda?=6, .-. 2a?*-.72s=No. of bees. 

* This question* and the mode of soluliony b taken from the Bija 
GanUa. • 
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Qu. 7. To diride the number 33 into two such parts, that 
their product shall be 162. Answer, 27 and 6. 

Qu. 8. What two numbers are those whose sum is 29, and 
product 100 ? Answ. 25 and 4. 

Qu. 9. The difibrence of two numbers is 5, and ^th part 
of their product is 26. What are the numbers ? 

Answ. 13 and 8. 

Qu. 10. The difference of two numbers is 6 ; and if 47 be 
added to twice the square of the lesser^ it will be equal to the 
square of the greater. What are the numbers ? 

Answ. 17 and 11. 

^u. 11. There are two numbers whose sum is 30*; and 
Id of their product jy^ua 13 is equal to the square of the lesser 
number. What are the numbers? Answ. 21 and 9. 

Qu* 12. There are two numbers whose product is 120. If 
2 be added to the lesser, and 3 subtracted from the greater, the 
product of the sum and remainder will also be 120. What al^ 
the numbers? Answ. 15 and 8. 

Qu. 13. A, and B. distribute 1200Z. each among a certain 
number of persons. A, relieves 40 persons more than jB., and 
B. gives 52. yiece to each person more than A^ How many 
persons were relieved by A. and B, respectively 1^ 

Answ. 120 by JL., 80 by S. 

Qu. 14. A person bought a certain number of sheep for 
1201. If there had been 8 more, each sheep would have cost 
bim 10 shillings less. How many sLeep were there ? 

Answ. 40. 

# 

Qu. 15. A person bought a certain number of sheep for 
57/. Having lost 8 of them, and sold the remainder at 8 shil- 
lings a-bead profit, he is no loser by the bargain. How many 
sheep did he buy ? Answ. 38. 

Qy. 16. A, and B, set off at the same time to a place at 
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the distance of 300 miles. A. travels at the rate of one mile 
an hour faster than £., and arrives at his journey's end 10 
hours before him. At 'what rate did each person travel per 
hour? Answ. a, travelled 6 miles per hour. 

jB 6 



XXIII. 



On Quadratic Equations having Impossible Roots. 

8^. In the solution of the adfected Quadratic Equation, 
ce^+px^q (Art. 79), the two values of x were shown to be 

equal to Zl — ^ "t- g P If ^ be a negative quantity, and p* 

less than 4 g, then the quantity />■— 4 q is negative, and con- 
sequently the quantity ±%^ji^ — 4q comes under the description 
of the radical quantities mentioned in Art. 66. In this c^ase, 
the two roots, or values of x, are said to be impossible. 

Ex. 1. Leta?*+8a:+3l=0,ora?*+8a?=3'— 31. 
Complete the square, (Rule I.) * 

then a^+8a?+16«:— 31 + 16«— 16, 

and a?+4«s+^/ — 16, or xss — 4±^/ — 16. 

Ex. 2. Let aj»— 12a?+60=0, or «•— 12a?=a— 50. 
Complete the square, (Rule I.) 

a;a_12ar+36=— 60+36«— 1.4, 

anda?— 6aBi:^/_l4; .•.Xsal6±^/— 14. 

Ex. 3. To divide the number 16 into two such parts, that 
their product shall be equal to 70. 
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Let xsstqne part, 
then 16— <psthe other part. 
Hence a? (16— a?) or 16ar— a;««70. 

Transpose, and x* — ISx^s — 70. 
Complete the square, 

aj»_i6ar+64=s— 70+64=-— 6, 

... a>— 8«±>/^, or a?=a88±\/— 6.* 

3+v/p— 111 
Ex.4. 2a?*+15«3ar . . . a?=--- 



4 

Ex. 6. 3 a?— |a?2=10 . . . a;=0±^/^^. 
Ex. 6. To divide the number 20 into two such parts, that 
their product shall be 105. . . x=10±%/ — 5.. 



XXIV. 



On the Solution of Quadratic EguaHona of the form 
X^^+pX*s=sq. 

84. Let y=«a^, then (by Case IIL Art. 66) y»«a?»»; and 
substituting these values for a;^ and op" in the equation 
a?**+jp a?*=g, tt is transformed into p^+pp=^q^ where the value 
of y may be determined by the foregoing Rules. Having the 
value of y, the value of a: may be found; for a?»=y, .% x^a^y. 
We are thus enabled to solve equations in which the unknown 

* It is very well known that the greatest product which can arifie 
from the multiplication«of the two parts into which any given number 
may be ^vided, is when these parts are equal' the greatest product, 
therefore^ which could arise from the division of the number IQ into 
two partfl^ b when each of them is 8 ; hence, in requiring <'to divide 
the number 16 into two such parts that their product should be 70,'* 
the solution of the question is impossible. 
H 2 
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quantity is found only in ttoo terms, and where the index of the 
highest power is double the index of the lowest, like commoD 
quadratics. 

Ex.1. Leta:*^6ar«=27. 

By RuLB I. y^ — 6 y+9=27+9=36, 
and y — 3=6,ory=9. 

But since X»=y, Xess^y, .-. a?=s^/9aaa3. 

Ex. 2. Leta;«— 2x»=s48. . 
These equations are often solved by the common Rules with- 
out the formality of substitution ; thus, 

Complete the square, (Rule I.) ««— 2ar»+l=348+les49. 
Extract the root, ar«— 1=7, .-. a:»=8, and a:=V8=*2* 

Ex. 3. Let 2 a:— 7^/a?--99. 

l^'^"' }...2j,«-7y-99. 
theny=\^a?5 

By Rule II. 16 y«— 66y+49=-:792+49— 841, 

and4y— 7*=29, 

or 4 ya=s36, and y=9 ; .•.x«y*a=81. 

Ex. 4. To resolve the number a into two such factors, that 
the sum of their nth powers shall be equal to Ih 
Let a;ssone factor, 

a 

then -=the other factor. 

Hence xi^+i^^h or a?*»+an-5:6aj*, .•. a?**— 50?"=— «*. 
By Rule IL 4x^n^4bxn+b^^b^ — 4 an, 

and 2«"— ft=:±%/6»— 4 a«, or 2ar*«=6±%/6»— 4 a«, 

and x^^^^^^"^^^: .>.:r^.V^±^^^-4^" 



.•..-^' 



2 ' ~ V 2 

The two values of a? are the two factors required. 
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Ex. 6. a?*+4a:««12 a?«^/2. 

Ex. 6. a?8— 8a:'=613 ar=:3. 

Ex. 7. 2«*— a?»=*496 x^4. 

Ex. 8. Ta resolve the numb^ 18 into two such factors, 
that the sum of their cubes shall be 243. (See Ex. 4.) 

* Answer, 6 and 3. 



XXV. 

On ike Solution of Quadraiic Equations containing Two un- 
knoum Quantities, 

Ybe solution of equations with two unknown quantities, in 
which one or both these quantities are found in a quadratic 
form, can only, in particular cases*^ be effected by means of 
the preceding Rules. Of these cases the two following are 
very well known. 

Case I. 

85. When one of the equations by which the values of the 
unknown quantities are to be determined, is a simple equatiosi 
in which case, the Rule is, to find a value of one of the un- 
known quantities from that simple equation, and then substi* 
tute for it the value so found, in the other equation. The 
resulting equation will be a quadratic, which may be solved by 
the ordinary Rules. Thus, 

• The most complete form under which quadratic equations con- 
taining two unknown quantities could be expressed, is this, 

o^Qi^+l/y^+efxy+Sx+efyessm^ I but the general 
solution of these equations can only be effected by means of equations 
of higher dimensions than quadratics. 
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Let a x+by^c } be the two equations, in which the va- 
a'a^+b'xy+c'y^^d^ lues of ar and y are to be determined. 

e — by 
From the Ist equation x«» • 






Substitute this ) 
for X in the 
Adequation, y ^ 

a' c^—2amy+a'h'y' , b'ey—bby , ^,^^_^ 
or -, + 2 +^3r=d, 

which reduced is (^a'b»^abV+(^c')t/'+{ab'e-^2a'bc^y^ 
a^dr'^c^', a common quadratic equation, from which the value 
of 3f may be found. 

andaJ"+3ar3^— 3^«=23 5 ^ 

From Ist equation, x=7— 2y, .-. a?«=a49— 28 y+4 y'; 
Substitute these values for x andar"* in the 2d equation, 
then 49—28 y+^y^^n y—6 y«— y«=23, 

or 3 j^«+7y«49— 23=26. 
By Rule II. 36y«+84y+49s=312+49«361, 
.'. 6y+7=al9, or6ysasl2, and y=a2 ; 
.'. a?=s7 — 2y«=7— 4sa3. 



^x+y ^ *) 
Ex. 2. Let ^ = 9 f ^ ^^^^ ^^^^ ^^^^^^ ^^^ ^^^ ^^ 

and3ary=210) 

From 1st equation, 2a?+y=27 ; 

27— w 

.•• 2a:5=27 — y, and a?= — —-i. 

27 — V 
Hence, 3a?2/=-3 x-^xy=:210, 

or 3x(27— 3/)Xy=420 
81 2,^3^8=420 
27y— y«=140; 
ory'— .27y«— 140. 
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By RuiB II. 4y"—1083/+729«729— 660=169; 

r. ^^ .o 27+13 ^^ 

•. 2y— 27=13| or y« ^ «20^ 

27—20 ^, 
and xss, — - — «3J. 

Ex. 3. There is a certain number consisting of two digits. 
The lefl-hand digit is equal m 3 times the right-hand digit ; 
and if 12 be subtracted from the number itself, the remainder 
will be equal to the square of the lefl-hand digit. What is the 
number ?, 

Let X be the left-hand digit, > then, by Art. 61, 10 2; + ^ is the 
and y the other; y number. 

Hence, a?=3jf>, . . 

. andlO:.+3^^12==::r-ry^^^^^«^^"' 

* 'stitutlon' } ^^+3^>2«92^» (for 10x«30y, and »»«9j^); 
9y^— 3l2/«— 12; 
.31 12 

„ ^ ^ , 31 , 961 961 12 961—432 629 
By Ru^Lj, _^y+_»___ 324-«324- 

„ 31 23 64 ^ 

Hence,3^^^.^^g;or3f«-=3. 

a?s=3y««9; and consequently the number is 93. 

E^4. Let?aj-3y=l > to find the values of x and y. 
2x'+^-5p'^i0 i A^^^^^ x-6, y=3. 

Ex. 6. There are two numbers, such, that if the lesser be 
taken from three times the greater, the remainder will be 36 ; 
and if four times the greater be divided by three times the lesser 
plus one, the quotient will be equal to the lesser number. 
What are the numbers ? A>3W. 13 and 4. 

£x. 6. What number is that; the sum of whose digits is 16; 
and if 31 be added to their prodttct, the digits will be inverted ? 

Aivsw. 78. 
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Case IL 

86. When «•, y*, or »y, is found in every term of the two 
equations, they assume the form of 

a «"+6 X y+c y*assd, 

a'ot^+b'xy+c'y^^d' ; and their solution 
may be effected in the following manner : 

Assume ars-uy, then a;»=©"3i^ substitute these values for x^ 
and X in both equations, then we have 

d d' 

Hence r-r-r ; — gs _y « , ,, — ; — ; 

or (a'<i— ad')«*+(6'c! — 6il')p=cd' — c'd; which is a quadra- 
tic equation, from whence the value of v may be determined. 
Having the value of v, the value of y may be found from either 
of the equations (A) or (B); and then the value of a?, from the 
equation X^vy, 

Ex. 1. Let 2 ar«+ 3 a?y+y»=20 

' ' ^ 20 

Assume a?=s© y, then 2t>»y"+ 3i>y«+y»=a20, or y*:— 



and 6r*^+4y*=a41,or y* 
Hence 



2o«+3©+l' 
41 



^ 6t>' + 4' 
20 • 41 



2tj»+3i>+l 6 ©•+4 

which reduced is, 6 ©•—41 »=■ — 13 ; 

, 41t? _13^ . 

'*'*' 6 *■ 6* 

T> T> T . 41© . 1681 1369 
By Rule I. ©— • =3 ; 

41 4-37 41+37 13 1 
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^ .u . 41 41 369 ^ 

Let t,-., then y-«^-^^_=_«9, or y«3, 

a?sa©yaBjX3aa:l. 

Ex. 2. What two numbers are those, whose sum multiplied 
by the greater is 77; and whose difference multiplied by the 
lesser is equal to 12 ? * 

Let :r=greater number, 
^=:lesser. 
Then (a?+y)xa?=a?*+a?y=s77, 
and (a>^y)xy=a?y— y»asl2. 
Assume x^vy; 

Then t>V+©««=:77, or y»«-IL ; 
and wy'— y'=12, or y*=s-i£-. 



„ 12 77 

Hence = — -- 9 

V— 1 v»+v 

or I2t>«+12i?=77«— 77; 

.... a 65 . 77 

which gives c — — «=— — 

® 12 12 

and.»-5^t,+l!£!=£!?; 
12 576 576 

65±23 88 or 42 11 -7 

• *, t? rgs .. . g a aa— — Or •"• 

24 24 3 4 

Either value of will answer the conditions of the question ; 

7 , « 12 12 48 48 ,^ 
but taker*-; then y»=^-;^j««|^«;^-^«-j «16, 

and ^==4 .•• a?as»ya=:-.x4=s7. 
4 

Hence the numbers are 4 and 7. 

Ex. 3. Find two numbers, such, that the square of the 
greater mnus the square of the lesser may be 56 ; and the 
square of the lesser j^lus id their product may be 40. 

Answeb, 9 and 5. 
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Ex. 4. There are two numbersy such, that three times the 
square of the greater plus twice the square of the lesser is 1 10; 
and half their product plus the square of the lesser is 4. What 
are the numbers ? Answ. 6 and 1.* 



XXVI. 



On the Solution of certotn Bqujaiiums^ inwhidh the Two unknown 
Q^antUies {x and y) are similarly incoh>ed. 

87. Let X and y be any two numbers, of which x is the 
greater, and y the lesser; let a:+jf«2*, a>— jf«2«; then, by 
Art. 28, x^s+z, and y^s—z. Now let a:*+y»=«a,a?»+y'=*i 
2«4-y*xs:c, and x^+y^ssd ; then the values of a? and y may be 
found in terms of the known quantities *, a, 6, c, d, in the fol- 
lowing manner : 

.% by addition, , — — — 

«"+y*(«)=2«»+2«%and«»«?:^ or zr=^yj' 

Hence a?=gg+\/ ~^ , and jfa=*- 



la^2s» 



11. a:»={*+2?)««*»+3 s^z+3sz*+z^ 



&«— 2«> llh^2^ 

.-. aJ»+y»(6)=2*»+6*««; and «•«__, or «r=y — gp- 

Hence ars=*+w ^^ > and y=*--y > ^^ * 

• For a great variety of questions relating to quadratic equations 
which contain two iinknown quantities^ see Bl^jto's JSfgeifraical Prob' 
lemB, 1812. 
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III. ar*a«(* + zy^a*+4 8H+6 *«j5«4-4 s «»+«*, 
j^=(*— «)*=**^4 s^z+e *«««— 4 * z^+z* ; 

• •• x*+y*(c)ssi2s*+ 12 5*«"+22* is a quadratic equation from 

which the value of z may be found. 

IV. x^:=:(^s+zy=s^+5s*z+ 10«8«a+ \OsV+osz*+z^y 
y««(*— 2;)*=«5— 6 s*z+ 10«'2»—10«'*«s+5« «*—;?«; 

.•. a:*+y«(d)=2 5*+20ffV+10^«* is a quadratic equation 
from which the value of z may be found.* 

88. Let ar + y=2* and x — y=2« as before, and let 

^+y=a'-X+^=b'-X+t=.c'; and ^*+?C=d'; then, by 
y a: y x y x ' y a? ' ^ 

means of the equations in the preceding Article (87), the values 

of or and 3^ may be found in terms of the known quantities, 

*, a', 6', c', d!, 

I. ?+?=a^ .-. tx^+y^=.a'xy^a'{8+z) {s—z)^a'{8^—z^). 
y X 

But by CASif T. (87), a:»+y»=»2 s^+2 ««; 

Heifce a'«»— a'2»=2 5«+2 »», 



and : 



/(a'— 2>» , Ka'—2)s 



• In reviewing these operations^ it may be observed, that those 
terms where the index of 2r is an odd number destroy each other in the 
successive series ; hence if the operations had been continued to 
* a?'+y* and x'-\-y'', the resulting equations would have been equations 
of six dimensions in a cubic form ; if they had been carried on to 
st^+y^ send ac^-^y^ the resulting equations would have been equations 
of eight dimensions in a biquadratic form. Hence the problem of 
** Given the sum of two numbers, and the simi of their nth powers, to 
find the numbers themselves," may be solved as far as the 9th power, 
by means either oiquadraiie^ cubic, or Uguadraiic equations. 
I 
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By Case II. (87), a?'* + y»«2 s'+S s «»5 

r6'— 2 *V /(6'_2 *)*« 

Hence a:«,+^ ^—J. , and 3r-^>y '"^rz^^. 

III, f!+?!=.c\ ••. a:*+2^«c'a?y«c'(**— «*> 

By Case III. (87), a:*+y*==2^+12iV+2 2*5 

Hence.c'(*«— «")=2«*+12«««*+2«* is a quad- 
ratic equation, by which the value of % may be found. 

IV. f!+?!!«d', .•.ar»+3^=.d'a?j^=d'(*'*— ;»»). 
y X 

By Case IV. (87), a?«+y*==2>+20««z*+40*2r*; and by 

equating these two values of a:*4-y*> there arises a quadratic 

equation by which the value of;; may be determined. 

89. Let a?+y=«, and a?y=p; then the sums of the several 
powers of x and y may be found in terms of the known quan- 
tities f and *, in the following manner. 

I. x^+9.xy+y^=^s^', 

. • . a?" + y»=**— 2 X y^s^'—^p. 

II. ix»+y')ix+y)=(s»—2p)8, 
or x»+y»+a:y(a?+y)=««— 2p*, 

i. e. a^+ff^+ps=^^ — 2p8; 

III. (a:»+y')(a?+J^)=(*"— 3p*)*, 
or ar*+y*+a?K^"+y')=^^*^-3jp*«, 

i.e. a^+y*+K*"— 2l>)=*'^3p*'; 

.-. a:*+y*=:«^^--4p«'+2p». 

IV. (a:*-fy*)(«+y)==(«^4p«»+2p»)*, 
or x^+y^+xy{2^+y^)=^s^—4p^+2pf'sy 

i. e. af«+y«+p(*«— 3p*)=«*— 4ji«»-f 2ji**; 
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or in general a?»+y»=sstf«N— wpj«— «+ni /p**»-^— &c. 

Ex. K The sum of two numbers is 6, aniMfie sum of their 
fifth powers is 1056. What are the numbe^n 

This Example belongs to Case IV. Art. 87, where 9^3, and 
<l=1066. 

The equation to find the value of z is 
2««+ 20 *8aH 10 « «*=d, 
or 486+a40;»»+30«*=1066; 
Divide by 6, 81+90«»+5a:*=I76; 
.-. «*+18j5«=19* 
By RulbI. «*+18««+81 = .100, 

or z'+9=il0; .-. 2r«a=l, and z^l. 
Hence a:a=s^+2r=3+l=4, 

^=«^2r»3— lss2. 

Ex. 2. There are two numbers whose sum is 18, and the 
square of the greater divided by the lesser plus the square of 
the lesser divided by the greater is 27. What are the num- 
bers ? 

In Case II. (88), «ss9, and £'sa27 ; hence z^a 



XssS+Z 



/(b'—2sy /9XB1 /9X81 ^. _ 

=9+3=12, and y=* — z==9 — 3=6; and the two numbers 
are 12 and 6. 



Ex. 3. The sum of two numbers is 5 («), and their product 
6 (/>). What is the sum of their 4th powers. 

By Case HI. (Art. 89), «*+3^=**— 4y*«+2p«as625— 600 

+72Bsr25+72=s97. 
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CHAP. VI. 

ON RAtlOS, PROPORTION, AND VARIATION. 



XXVII. 



Definitions. 

90. By Ratio is meant the relation which one quantity bears 
to another, with respect to magnitude. It is evident that this 
relation can exist only between quantities of a similar kind ; 
thus, a number must be compared with a number ; a line with 
a line ; &c. d&c. ; and it would be absurd to compare a certain 
number oTfeet with a certain number of pounds ; &c. d&c. 

91. There are two ways in which the magnitude of quanti- 
ties may be compared. In the first place, they may be com- 
pared with regard to their diff^erence ; and then the question 
asked, is, ^^ How much one quantity is greater or less than 
another." The relation which quantities bear to each other in 
this respect, is called their Arithmetical Ratio. The other way 
in which they may be compared, is, by inquiring, " How oRen 
one quantity is contained in the other." This relation between 
quantities is called their Geometrical Ratio. The term ratio^ 
when simply applied, is generally understood in the latter sense; 
and it is in this sense that the word will be made use of in the 
present Chapter. 

92. In considering how oflen one quantity is contained in 
another, the natural process is to divide the one by the other. 
Thus, in comparing the number 1^ with the numbers 4 and 3, 
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we know that 4 is contained in 12 three times, and that 3 is 
contained in the same numher four times ; from which we infer 
that the ratio of 12 : 3* is greater than the ratio of 12 : 4, the 
magnitude of a ratio being measured by the number of time* 
one quantity is contained in another. For the same reaM>n« 
the ratio of 11 : 7 is said to be less than the ratio of 1 1 : & 
When a ratio is thus expressed, the first term of it is caHed the 
antecedent^ the last term the consequent^ of that ratio* 

93. From this mode of estimating the magnitude of a ratio, 
it appears that when the consequent of a ratio is not an aliquot 
part of the antecedent, the value of the ratio must be expressed 
by a fraction^ whose numerator is the antecedent, and denomi- 
nator the consequent of that ratio. Thus the magnitude of 

the ratio of 15 : 7 is expressed by the fraction — , and of the 

ratio 4 : 13 by the fraction _. When the antecedent of a ra- 
^ 13 

tio is greater than the consequent, it is called a ratio of greater 

inequality ; when the antecedent is less than the consequent, a 

ratio of lesser inequalUy ; and if the two terms of a ratio be 

the same, then it is said to be a ratio of equality. 

94. The foregoing definitions evidently apply only to those 
instances, in which the consequent of a ratio is contained a 
certain number of times in the antecedent, or to those in which 
the magnitude of the ratio may be expressed by some definite 
fraction. It does not therefore comprehend such ratios as 
V^2:6; ^/3:^7; 4:i/\; &c. &c.; where the values of 
the quantities v^2, v^3, i/l, &c. can only be expressed in 
decimal fractions which do not terminate. The ratio which 
exists between quantities of this latter kind, when the radical 
quantity is expressed by a decimal fraction, is called their ap" 

proximate ratio. 

« 

• In expressing the ratio of tw^o quantities, the word «*/o" is gene- 
ra.Uy supplied by two dotsi thus» the ratio of '* a to ^" is expressed by 

1 2 

Digitized by VjOOQ IC 



102 bridgb's algebba* 

95. Proportion consists in the equality of ratios; thus, since 
4 is contained in 12, the same number of times that 6 is in tS, 
the ratio of 12 : 4 is said to be equal to the ratio of 18 : 6, or, 
in other words, that 12 : 4 :: 18 : 6.* Of the four terms of 
which every proportion consists, the first and last terms are 
called the extremes^ and the second and third the means of that 
proportion. 

96. If there be a set of quantities related together in the 
following manner, vi2^. a:b ::b: c::c:d::d:ej &c. where the 
consequent of every preceding ratio is the antecedent of the 
following one, then the quantities a, &, c, d^ e, &c. are said to 
be in continued proportion ; and if only three quantities be con- 
cerned, as in the proportion a :b ::b ic^ then b is said to be a 
mean proportional between the two extremes a and c. 

97. Since the proportion a:b::c :d expresses the equality 
of the ratios a :b and c :d; and since the magnitude of the 

ratio a : 6 is measured by the fraction ti and that of the ratio 

c a c 

Old hy the fraction -, it follows that t =-, or that when four 
d b d 

quantities are proportional, the quotient of the first divided by 

the second is equal to the quotient of the third divided by the 

fourth ; and vice versa^ if there be four quantities a, 6, c, d, 

a c 
such, that -= -, then those four quantities are proportional, or 

a I b :: c : d. 



XXVIII. 

On the Comparison and Composition of Ratios, 
98. On the Comparison of Ratios, * 

♦ In stating a proportion, the words "w to'* and <*fo" are generally 
supplied by two dots, and the word *«a*»' by four dots; thus, the pro- 
portion " a is to 6 as c to rf," is expressed by "a : J :; c :rf. " 
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L Since the ratio of a : & may be expressed by the fraction 

-, let the numerator and denominator of this fraction be mul- 
b 

tiplied by any quantity m (to being either integral or fractional)^ 

then — rasr^ ^"^ *** ^^® ^^^i^ of ma : to & is the same with the 
mo 

ratio of a : & ; from which we infer, that if the terms of a ratio 

be multiplied or divided by the same quantity, it does not alter 

the value of the ratio. . From hence also it appears, that a ratio 

is reduced to its lowest terms by dividing its antecedent and 

consequent by their greatest common measure. 

II. Ratios are compared together by reducing the fractions 

by which their values are respectively represented, to a common 

denominator. Thus, the ratio of 8 : 5 is represented by the 

8 "9 

fraction -, and the ratio of 9 : 6 by the fraction -- ; reduce these 
6 6 

fractions to others of the same value having a common deno- 

48 45 . 

minator, and they become -- and — respectively ; and since 

-- is greater than --, the ratio 8 : 5 is greater than the 

ratio of 9: 6. 

III. A ratio of greater inequality is diminished^ and a ratio 
of lesser inequality is increased^ by adding the same quantity 
to both its terms. Let a-f6 : a represent a ratio of greater 
inequality^ and let x be added to each of its terms, and it 
becomes the ratio of a+b+x : a-J-a?. Now the ratio of 

a+6:a=5^, and that of a+b+x : a+x^a ^"^ "^ ; let 
a a+x 

these fractions be reduced to others of the same value having 

a"+ ab + ax + bx 



a common denominator, and they become 



a(a+x) 



and — — respectively; 9ind since a^+ab+ax+b x 

is evidently greater than a^+ab+ax^ the ratio of a+b : a is 
greater than the ratio of a+b+x :a+x; i. e. the ratio of 
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a+b : a has been diminished by adding x to each of its termd. 
Next, let a — h : a represent a ratio of lesser inequdLUy ; then 

proceeding with the fractions ^^ and ^"^ ^ as in the 

- a* — ah+ax — hx 
former instance, the resolting fracUons are .—-—. 

and ^IHltt^; and since a*^abi-ax-^x is less than 

a(a+x) 
i^^^»ab+axy the ratio of a— 6: a ia less than the ratio of 

a b+x : a+o?, and consequently the ratio of a— 6 : a has been 

increased by adding x to each of its terms. In the same man- 
ner it might be shown that a ratio of greater inequality is in- 
creased^ and a ratio of lesser inequality is diminished^ by 
subtracting the same quantity from each of its terms. 

99. On the Composition of Ratios. 

I. Ratios are compounded together by multiplying their an- 
tecedents together for a new antecedent^ and their consequents 
together for a new consequent. Thus, if the ratio of a : & be 
compounded with the ratio of c : d, the resulting ratio is that 
of a c : 6 d ; or if the ratios 4:3; 6:2; and 7 : 1, be com- 
pounded together, there results the ratio of 4x5x7 : 3x2x1, 
or of 140 : 6, or (dividing each term by 2) of 70 : 3. 

II. If the same ratio be compounded with itself oneCf twice, 
thrice^ &c. the resulting ratios are thpse of a":&*; a':6'; 
a^:6% &c. &^c. The ratio of a': 6' is called the dujplicaJte 
ratio of a : 6 ; a' : &' the triplicate; o^ : (^ the quadruplicate; 
&c. &c. ; and as these ratios receive their denominations from 
the indices of the several powers of a and 6, the ratio of^/a: y/h 
is called the wbdu]^icate ratio of a : & ; the ratio of \/a : i/^i 
the subtriplicate ; &c. &c. 

III. If a set of ratios, whereof the consequent of the preced- 
ing ratio is the same with the antecedent of the succeeding 
one, be compounded together, the resulting ratio is that of the 
fi-st antecedent to the last cwuequent. Thus, when the ratios 

of a: 6; bic, eid; <2:«; are compounded together, the re- 
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suiting ratio is that of abi^dibcdey (dividing hy bed) that 
of a :e, or of tbe^r^^ antecedent : the hist consequent ; and the 
same will be the case whatever be the number of ratios. 

IV, A ratio of greater inequality compounded with another 
ratio, increases it ; and a ratio of lesser inequality compounded 
with another ratio, diminishes it. Thus, let l+n: 1 represent 
a ratio of greater inequality, and let it be compounded with 
the ratio a : fr, the resulting ratio is that of a+n a : 6, which is 
evidently greater than the ratio of a : 5; on the other hand, let 
1 — n : 1 represent a ratio of lesser inequality, and let it be 
compounded with the ratio of a : fr, then the resulting ratio is 
that of a — n a : &, which is evidently less than the ratio ofaib. 

.Examples. 
Ex. 1. Reduce the ratio of 360:315, and 1595:667, to 
their lowest terms. 

Ex. 2. Reduce the ratio of a'+2 a^x : a* to its lowest terms. 

Ex. 3. Which is the greatest^ the ratio of 16 ; 15, or that 
of 17: 14? 

Ex. 4. Which is the least of the three ratios, 20 : 1 7, 22 : 1 8, 
or 25 : 23 ? and whi<^h is the greatest of the three ratios, 8:7; 
6:5; and 10 : 9? 

Ex. 5. Which is the greatest, the ratio of a+2 : ia+4, or 
thatofa+4:|a+5? 

Answer, The ratio of a+4 : ia+5. 

Ex. 6. Compound together the ratios of 1 1 : 3, 7 : 2, and 
5:9. - Answ. 385:54. 

Ex. 7. Compound together the ratios of 16 : 12, 6 : 7, and 
9:4; and then reduce the resulting ratio to its loufest terms. 

Answ. 135:56. 

Ex. 8. Express in the simplest terms the ratio compounded 
of a*'^x* : a», a+x : 6, and b : a — x. Answ. (a+xy : a\ 
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Ex. 9. If the ratios of x+y : a, x — y :6, and 6 : ^, 

a 

be compounded together, show that the resulting ratio is a ratio 

of equality. 

Ex. 10. Iftheratio8of3a+2:6a+l,andof2a+3:a+2, 
be compounded together, is the resulting ratio a ratio of ^eo/^ 
or U99er inequality ? Answ. A ratio of greater inequality. 

Ex. 1 1 . What are the least numbers in the ratio compounded 
of the three following ratios, viz. the ratio of 7 : 5, the dupU- 
cate ratio of 4 : 9, and the triplicate ratio of 3 : 2 ? 

Answ. 14 and 15. 

Ex. 12. Compound the eubduplicate ratio of x^ : 2f','with 
the quadruplicate ratio of ^x : \/if, Answ. a?* : ^. 



XXIX. 

On Proportion. 

100. The most useful Theorems relating to proportional 
quantities are the following. 

Th. 1. If four quantities be proportional, the product of 

the extremes will be equal to the product of the means ; for let 

a c 
a:b::c:d^ then, by Art, 97, t=^, ••• adssbc. From hence 

o a 

also it follows, that if any three terms of a proportion be known, 

the fourth may be found | for, from the equation a d=sb c, we 

, be j^ ad ad . , be 

haveass-T-; o=s — ; css---;anda=B — • 
d CO a 

Th. 2. The converse of the foregoing Theorem is also true; 
viz. If the product of any two quantities be equal to the product 
of two others, those four quantities will constitute a proportion, 
provided that the terms of one product be made the means^ and 
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the terms of the other product be made the extremes^ of such 
proportion. Thus, if the four quantities a, b, c, d^ be such 

thatad=6c, then (dividing by 6d)^sss-; .% by Art, 97, 

a:b::c:d. 

Th. 3. If three quantities be proportional, the product of 
the two extremes is equal to the square of the mean ; for, if 
aibizb :cj then, by Theok. 2, a c=5*. From hence also it 
follows, that a mean proportional between any two quantities 
is equal to the square root of their product ; for let x be 
a mean proportional between a and c, then a:x::xtCj 
•l •. oc^srsa c, and a:== v^a c. 

Th. 4. If four quantities be proportional, they will also be 

proportional when taken inversely or eUemately; thus, if 

ct c b d 

a : ft : : c : (2, then r^s- : invert the fractions, then -axs-; 

o a a c 

,*. b:a:d :c. Again, since ad=s&c, then (dividing hj cd) 

, ad be a b . , 

• we have —,=8—;, or -= i; . •• a : e ibid, 
cd cd c d 

Th. 5. If there be six proportional quantities, and the first 

be to the second as the third to the fourth; and the third to 

the fourth as the fiflh to the sixth ; then will the first be to 

the second as the fiflh to the sixth. For let a : 6 :: c : d, and 

1 ^ .% a c . c e a e , .,«- 

c: a::c:/j then T=j; and-;=:2.5 •'• t=»5» ^^ ^Y Art. 97, 
d d f of 

a lb lie if. 

Th. 6. If four quantities be proportional, then the sum or 
difference of the first and second will be to the second as the 
sum or difference of the third and fourth is to the fourth. 

For let aihiicidy then -— 5- ; add or subtract 1 from each 
b d 

side of the equation; then T-ii l=^il, .% -=-«-=-, con- 

d b d 

scquently, by Art. 97, a±b ibii c+d : d. 
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108 • bridge's algebra. 

Th. 7. If four quantities be proportional, the first is to the 
sum or difference of the first and second, as the third to the 
sum or difference of the third and fourth. For by Theob. 6, 
a+ft : 5 :: c+d : d, and alternately a+6 : c+d :: ft : rf ; but by 
Theor. 4, ft : d :: a : c ; hence, by Theor. 6, a+h : c+d :: a : c, 
and alternately a±h : a : : c+d : c, .•. inversely a : a+6 :: c : 
c±d. 

Th. 8. If four quantities be proportional, then the sum of 
the first and second is to their difference^ as the sum of the 
third and fourth is to their difference. For by Theor. 6, 

— r— =3 — -— , and — =— =--T-: inrern he two last fractions, then . 
a o a • 

h d , a+h ^ h c+d d a+h e+d 

— L= — j\ hence— T— X r=s--j— x 3, or r= %; 

a— 6 c — d* o a — d o-^d a — c — d 

.% by Art. 97, a+b : a — b :: c+d : c — d. 

• 

Th. 9. If four quantities be proportional, and any equi- 
multiples or equal parts whatever be taken of the first and 
second, and also of the third and fourthr ; then will the resulting 
quantities, taken in the same order, be still proportional. For 
let a : ft :: c : d; then, by Case I. Art. 98, the ratio of m a : mft 
is the sanne with the ratio a:b$ and for the saniie reason, the 
ratio of nc: nd is the same with the ratio of c : d; hence (Art 
96), ma:mb::nc:nd, where m and n may be any quantities 
whatever, either integral or fractional. 

Th. 10. The same theorem is true if any equimultiples or 

equal parts whatever be taken of the first and thirds and also 

a c 
of the second and fourth; for since 7=;^> multiply each side 

/.I ,. . m . ma m^ , , 

of the equation by —, then— 7-=— 3, .% ma :nb ::mc:nd. 
^ '' n nb nd 

where m and n may be any quantities whatever, either integral 

orfractionaL 

Th. 11. If four quantities be proportional, any powers or 
roots of those quantities will also be proportional. For since 
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r=s-, we have t-=t-> •'• «* •6"?« c*: <?«, where n may be 
b a on d» "^ 

any number either integral or fracHomtl. 

Th. 12. If the corresponding terms of two sets of propor- 
tionals be multiplied together, or divided by each other, the 
resulting quantities talen in order will still be proportional. 
Thus let 
a:»::c:cJ^then|«,f^ 

and V V hence^sss^or ac :>/:: c^: dh. 

Again, by Th. 1, ad=Jc, and eh^^fg; .: ?^=^; hence, by 

d 

Th. 2, - : ^ : - : T" The same will evidently be true of any 

J O 

number of proportions. 

Th. 13. If there be two rows of proportional quantities, 
whereof the second and fourth of the first row are the same 
with the first and thipd of the second row, then will the 
remaining quantities, taken in order, be proportional $ thus, 
let a:b::c:d 

and b:e::dtff then by Thsob. 12, abibe ::cd idf or 
(reducing each ratio to its lowest terms) a : e :: c : /• 

Th. 14. If there be a set of proportional quantities, a: b:: 
Cid::e:f::g:h, &c. &c., then will the first be to the 
second as the sum of all the antecedents to the sum of all the 
consequents. 

For, since a6=s&a, and (by Ths. 1 and 6) a d=b c, a/=6 c, 
ahssabg^ &c: we have ab+ad+af+ah+&,c.=aba+bc+be 
+ftg+&c., or a(b+d+f+h+&c.)ssb(a+c+e+g+&.c.) 
. -. (by Th, 2), a : 6 : : a+'c+c+^+&c. : b+d+f+h+&>c. 

Th. 15* l( a : b :: b : c: : c I d :i d I €j &c. as in Art. 96, 
then a : c : : a' : &% or in the duplicate ratio of a : b$ 
a : d :: a' : 5", or in the triplicate ratio of a : b ; 
^ a ; 6 :: a^ : 6% or in the quadruplicate ratio of a : b ; 
d&c. &c. &c. d&e* 
K 
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For a :b ::a lb; 

and b I e :: a lb; 

. •. by Theob. 12, at c :: a*: bK 



.-.by 


Again, a 

but c 

Theob. 12, a 


: e 
id 
id 


::a* 

11 H I 




.-.by 


Moreover, a 

huid 

Theob. 12, a 


id 
I e 
: e 


::a» 
::a* 





dw;. &c. &c. &c. 

101. The folV>wing Examples are intended to illustrsite the 
use of the foregoing Theorems. 

Ex. 1. To divide the number 60 into two such parts, that 
the product shall be to the sum of the squares :: 2 : 5. 
Let a?=:one part $ 
then 60— arssthe other part,' 
(60— a?) Xflc=60 a? — ^a:*»the product^ 
and a:«+(60— <c)*=2a:»+3600— 1 20x^sum tfthe squares. 
Hence, by the question, 60 x—x"" : 2 ar'*+3600— 120a? :: 2 : 5; 
.-.by Theob. 1, (60a>— a?*)x6=s(2a?»+3600— 120a?)x2, 
or 300 x—b a?*=:4 x»+ 7200—240 arj 
by transposUum & dimsion^ a?*— -60a?aas-— 800 ; 

. •. x»~60 a?+900=900— 800= 100, 
and a^— 30=a+10, 

or a?s=30+ 10=40 or 20, the 
parts required. 

Ex. 2. The number 20 is divided into two parts, which are 
to each other in the duplicate ratio of 3 : 1. Find a mean 
proportional between those parts. 

Let xsssgreaier part, 
then 20 — x^lesser part ; 
.•. by the question, x : 20 — x :: 3* : 1" :: 9 : 1. 
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Hence by Theok. 1, x=180-r9a:, 
or 10a?sal805 

.•, x^lQ^greater part, 
and 20— aJsaSO — l8=2s=BfeMcr part. 
By Theor. 3, a mean proportional between 18 and 2 is 
equal to \/l8x2=s^36»6, ibe number required. 

Ex. 3. 



Jf(a+a?)«:(a— a?)*::a?-f3r:a: — y , show that a:x:: \/2 a — y : y/y. 
By expansion^ a*+2aa?+a7* : a'*— 2 a x+x^ ::x-{-y : a? — y. 
ByTHEOK.8, 2a* + 2x»: 4ax :: 2x:Zy. 
Divide by 2, then a*+a* : 2 a i :: a? : y ; 

.-. byTHEOR. 1, (a'+a!?«)xy=2ax*xa?s=2axx*. 
Hence, by Theob. 2, a"+a?' : «* :: 2 a : y. 
By Theob. 6, a* : a?' :: 2 a — y : y; 
and by Theob. 1 1, (n being i)ai x :: \/2a— y : v^y. 

Ex. 4. If « : y in the triplicate ratio of a : &, and <i : 6 :: 
Vc+ar : y^a+y^ show that dx*sscy. 

Since a: : y : : a» : 6", 
and by Thbob. ll,a':J« ::c+x:d+y; 
' ,% by Theob. 6, a? : y :: c+a? : rf+y, 
or e+x :d+y:: x :y, 
and by Theob. 4^ c+a? : a? :: d+y : y; 
'.•. by l^EOB. 6, e: X :: d :y; 
and by Theob. l^dx^cy. 

Ex. 5. There are two numbers whose product is 24, and 
the difference of their cubes : cube of their difference :: 19 : 1. 
What are the numbers ? 

Let x^sgreater number, 
and y^atlesser number. 
Then, by the question, ary»24, 

and j:V-y» : (x-^yY :: 19 : 1. 
Byeayaii#io»,x»— y?;a:»-^3 af'y+3 Of y*—y* or (ar-^y)»;: 19:1, 
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By Theor. 6, Sx^y—Sxy^ : (x— y)* :: 18 : 1, 
or 3 xyx{x--y) : (x—y^ :: 18 : 1. 
Divide by a:— y, then Sxy : (x—yY :: 1 8 : 1 ; 
but xy=s24; .-. 72 :(x^yy :: 18 : 1. 
Hence, by Theor. 1, 1 8 X (x— y)»asr 2, 
or (a;— y)»=4; 
.•. a? — ysss2. 

Again, x* — 2a:y+^=4, 
and 4arya=39&; 

ora?+y=10, / •'• ^=Y'=^» 
buta?— v=2; t 8 , 

3 »= 2 •='• 



Ex. 6. To divide the number 24 into two such parts, that 
their product shall be to the aunt of their squares : : 3 : 10. 

Answer, 18 and 6. 

Ex. 7. There are two numbers which are to each other as 
3:2. If 6 be added to the greater^ and subtracted from the 
lesser^ the sum and remainder will be to each other.:: 3: K 
What are the numbers ? Aksw. 24 and 16. 

Ex. 8. There are two numbers which are to each other in 
the duplicate ratio of 4 : 3, and 24 is a mean proportional be- 
tween them. What are the numbers ? Ans w. 32 and 1 8. 

Ex. 9. If — ^— r=s4a5 show that a+a;: 2a:: 26:0'— a?. 



Ex. 10. If «• : y» : : 36 : 26, and 2 x+y : x+2 m a ratio 
compounded of the ratios of 17:2 and 2:7; what are the 
numbers ? Aksw. 12 and 10. 

Ex. 1 1. There are two numbers whose product is 135, and 
the difference of their squares is to the square of their differ- 
ence : : 4 : 1. What are the numbers ? Answ. 15 and 9. 
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XXX. 

On Variation, 
102> If the quantities und^r consideration be of a variable 
naturef then their relation to each other may be expressed in 
the following manner. 

I. Let A and B be two variable quantities so related to each 
other, that whilst the value of A is changed to a, the value of 
B is changed to b ; then if these two quantities A and B al* 
ways bear the same ratio to each other, i. e. HAiBnaib 
(or by Theor. 4, of Proportion, A:ai:Bib) throughout the 
whole period of their variation, they are said to vary directly as 
each other. 

ExASL Suppose a body to move uniformly along at the rate 
of 3 feet in one second of time ; then in the Jir9t second it 
would describe 3 feet, in two seconds 6 feet, in three seconds 
9 feet, d^c. &,c.; hence, whilst the time varies through l, 2, 3, 
4, &^c. seconds, the space varies through 3, 6, 9, 12, AgrC. feet; 
but the numbers 3, 6, 9, &,c. are respectively in the same ratio 
with the numbers 1 , 2, 3, &c. When a body moves uniformly, 
therefore, the space varies direcUy as the time* 

IF. If the relation between A and B be such, that whilst A ^ 
by increasing is changed to a, and B by decreasing is changed 

to 6, in such manner, that A:a:i ^ • - (or) iibiB through- 

B b 

out the whole period of their variation, then A is Baid to vary 

innersiiy as B. 

ExAtf. The area of a triangle is equal to half the rectangle 

contained by its base and perpendicular altitude ; if, therefore, 

the form of the triangle be changed whilst itd area remains 

the same, it is evident that as its altitude increases its base 

K 2 
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must decrease. Let A and B represent its altitude and base at 
any one pefiod of its variatioo, and a and b its altitude and 

base at any other period, then ^ g-^Jii- or AxB^saxb^ 

2 2 

.•- (by Th. 2, Proportion) AianbiB ii ^ . ~, i. e. the al* 

B 

titude of a triangle whose area is given varies inversdjf as its 

base, and vice versa. 

III. If there be three variable quantities A^ JB, C> whose re- 
lation to each other is such, that whilst B is changed to b^ and 
C to c^ A is changed in the compound ratio of the change of B 
and C I i. e. if il : a in the ratio compounded of the ratios of 
Bib and Cic^ or (Art. 99, I.) AiaiiBCibc, then A is 
said to vary as B and C conjointly. 

Exam. Let A represent the area^ B the base^ and C the 
perpendicular altitude of a triangle ; and when these are 
changed, let a represent the area, b the base^ and e the altitude 

BC he 

at any period of their variation; then il= and «» — , 

.'. Aiaix — : — :: BCibe^ or the area of a triangle 
varies as its base and perpendicular altitude conjoinily, 

IV. If the relation between the three quantities JL, B^ C, be 
such, that when A is changed to a, B to 6, and C to c^Bib 

in the ratio compounded of the ratios of A : a and _ ^ .,or 

C c 

(Art. 99, I.) J5 : 6 :: ^r : -i then B is said to vary directly as 

A, and inversely as C. 

Exam. Let A, B, C, a, 6, e represent the same quantities 

BC QA 

as in the last Example, then since A=s — ^ B^-^ 9 &nd since 

2 C 

ass-^9 ^sai — . Hence 5:6:: 7^ : — :: 7; : -,i. e.thebase 

X . C Lf O U C 
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will Tftry as the area dire^ly^ and as the perpendicular altitude 
inoerady. 

103. These several relations of variable quantities are often 
more brieflj expressed by placing the mark a between them ; 
thus 
AiaiiBih^OT^^A varies as B," is expressed by . AccB. 

Aiaii-^ip or "A varies inversely as J5," by . . A oc -^^ 

Aiaii BCibc^OT^^AvsLTie&MBSLCconjointly^^^hyA oc BC, 
„ \- A a C or " JB varies directly as A, and > , n^A 
C cl inversely as C," > "^ C 

This notation is made use of in the following Theorems. 

Th. K If one quantity varies as another, it will also vary 
as any multiple^ part, power^ or roi^ of the other. Thus let 
AccB^ then A : d :: jB : 6; multiply the last ratio by m, then 
(Art. 98, l.)A\aiimB\mh, .-.(Art. 102, I.)AociiijB, 
where m may be any number either integral or fractUmal. 
Again, since A : a :: JB : 6, (by Th. 1 1 of Proportion) A* : a* 
:: JB" : J"; .•. A* oc JB", where n may be any number whatever, 
integral or fractional. 

Th. 2. If one quantity varies as another, and each of them 
be multiplied or divided by any quantity variable or invariable, 
then will the products or quotients, thus arising, vary as each 
other. Thus, let A oc B, then Axaii B ih\ let m be an tn- 
variable quantity, and multiply all the terms of the proportion 
by it, then mA: maiimB : mb^ .*. mAozmB. LetC be a*' 
viuriable quantity, then we have 

^.^., ».fc V r AC :ac::BC :6c, or ACocJBC; 

^•""••^•^^ -.byTH. 12\ and 

ofProp^ } A a B b A^B 
C C c C ' e""^ C C 

Cob. 1. From hence it follows, that if one quantity varies 
as two others jointly, then either of those quantities varies 
as the first .diredly and the other inversely. Thus let 



A:a:iJ^:Oy^. 
C:c::C:c ) 
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A 
AocSCj then, dividing each by C, -Boc - or "as A directly 

and C inversely ;" divide by S, then Coc-^or^^^ A directly 
and 5 inversely." 

Cob. 2. If the product of two quantities be invariabFe, then 
those quantities vary inversely as each other. For let 

AxSsstnj then A» „ which varies as -^^ and i7a>-- which 

jJ Ja A ' 

varies as -^^ m being a constant quantity. 
A 

Th. 3. If one quantity varies as a second, and the secDnd 
as a third, then will the first quantity vary as the third. For 
letwf ai7,then.^:a::^:5; and let^ocC, then JB :&:: C:c; 
.-. by Th. 5 of Proportion, ^xazzCic; hence JiocC, 

Th. 4. If any two quantities vary as a third, then will their 
9um or difference or the square root of their product vary as the 
third. Thus hi^ocC and B ccC, then, by Tn. S^JlocS; 
»\ •SzanBib or ^i Bi: a :b; and, by Th. 6 of Proportion, 
M±B:Bi:a±bib ox A±^B za±b :: J5: 6 ; but since 
JBaC, BibtiCiCy hence M±B i a±b t z C i c, or 
Ji±BocC. 
Again, since 

JlzaizCic^hy Th, 12 of Proportion, w«J5: aft :; O: c*, 
and J? : 6 : 2 C: c ) and, Th. 1 1 of Prop", y/JlBt s/ab ziCze. 
Hence ^JlB oc C. 

Th. 5. If the square of the sum of two quantities varies as 
the square of their differences^ then the sum of their squares 
varies as their product. For let (w3+i?)« a (wi*-*5)", then 
(Jt+By z (a+by :: (^— P)« : (a.^)», 
or (Ji+Byz{Ji^Byzt (flh-ft)» z(a+b)\ 
By Expansion, and > 2 jff"+2 JB* : 4 w« 5 : r 2a»+JE6» 2 4 aft, 
hj Th. 8 of Prop'*. I ov M^'+B^ z2 dBzz a*+b* : 2 a ft; 
.'.Jl*+B^ia»+b^iz2ABt2abxzJ3[Bzab. 
Hence .^»+^»oc^^. 
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Th* 6. If there be two sets of quantities, A, B^ C, i), &c. 
and P, Q, 12, 5, &-c. which vary as each other respectively, 
viz. ^ccp^ BccQ^ then will the products of those quantities 
vary as each other. For, let a, 6, Cy &c. p, ^r, r, &c. be cor- 
responding values of -5, ^, C, &c. P, Q, JB, &c. then, 
sifice A oc P, ^ : a : : P : p 
. . .BcCQ,B:b::Qiq 
. . . (7 ecu, C: c ::12:r 
&c. &c. 



.•. By Theob. 12 of Proportion, 

ABC &c. : a 6 c &c. : : P Q JB &c. : p S' r &c. 
Hence w« B C&c. ex p Q 12 &c. 

Th.^, If any quantity A depends upon a set of quantities, 
P, Q, U, S, in such a manner, that if Q, 12, S^ are constant, 
-fl Qc P; if P, 12, 5, are constant, A (X Q, &c. &c., then if 
they all vary, .^ will vary as their jprodftic*. 
For let A be changed 

to 0?, by the variation of P to p, the rest being constant, 

from 0? to y . . . . . of Q to <][, 

from y to z of 12 tor, ...... 

from zio a of 5 to *, . . . . . . 



Hence, by com- 
position of ratios, 
JixaiiP QRS 
ipqrs or .^ OC 



then, when all vary, we have ^ : a? : : P : jp" 

a?: yz:Q:q 

y: ar::12:f 

Ziaa S IS 

PQRS; and the Theorem would evidently be true, whatever 
be the number of quantities P, Q, 12, iS, &c. 

Th. 8. If one quantity varies as another, it is equal to that 
quantity multiplied into some constant quantity ; and the value 
of this constant quantity will be known, if the actual relation 
between the two variable quantities at some given period 0f 
their increase or decrease be known. For let A (X By then 
•S I a II B lb or A i B ::a:bf i. e. the ratio of Ji z B is 
always the same through the whole period of their variation ; 
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let this ratio be that of m : 1, tbea A i B i: m i 1, and ./Sssvt ^^ 

A 

or m=: •^. If therefore the corresponding values o^A and B 

at any period of their variation be known, the value of m will 
be known. 

ExAH. The ^are described by a body descending perpen- 
dicularly near the surface of the earth varies as the square of 
the time ; let the space^B^S^ the corresponding timesa T, then 
by this Theorem S;sam T*; now it is known by experiment, 
that a body falls through a space of about 16 feet in the Jirst 
second of its fall; hence, when «Sbs16, Tnl, .•. fR8sl6, and 
the general relation between the space and time of a body thus 
falling is Sr« 16 T*. 

a 

CoR« Since -n=»»H it follows, that if one quantity varies as 

another, the fraction arising from dividing the one quantity by 
the other, is a constant quantity. 
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CHAP. VIL 

ON ARITHMETICAL AND GEOMETRICAL PROGRESSION. 



XXXI. 



Definiiums, 

104. If a series of quantities increase or decrease by the 
continual addition or subtraction of the same quantity, then 
those quantities are said to be in Arithmetical Progression. 
Thus the numbers 1, 2, 3, 4, 5, 6, &;c. (which increase by the 
addition of 1 to each successive term), and the numbers 21,19, 
17, 15, 13, 11, &c. (which decrease by the subtraction of 2 
from each successive term), are in arithmetical progression. 

105. In general, if a represents the first term of any arith- 
metical progression, and b the common difference^ then may the 

.series itself be expressed by a, a+ ft, a-f2 6, a+3 ft, a+4 6, &c. 
which will evidently be an increasing or a decreasing one, ac- 
cording as ft is posiiitfe or negative. In the foregoing series 
the coefficient of ft in the second term is one; in the third term* 
is 1100 ; in ihe fourth is three^ &c.; i. e. the coefficient of ft in 
any tenn is always less by unity than the number which de- 
notes the place of that term in the series. Hence, if the num- 
b^r of terms in the series be denoted by (n), the nth or last 
term in the progression will be a+(n — l)ft. 

106. If a series of quantities increase or decrease by the con- 
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tinual myUtpUcation or division of the same quantity, then those 
quantities are said to be in Geometrical Progression. Thus 
the numbers 1, 2, 4, 8, 16, &,c, (which increase by continual 

mtiUiplication by 2), and the numbers I, -, -, — , &c. (which 

%j y * • 

decrease by continued division by 3, or muUiplicaHon by ~ j 

are in Geometrical Progression. 

107. In general, if a represents ihejirsi term of such a series, 
and r the common multiple or ratio^ then may the series itself 
be represented by a, ar^ ar^^ar^^ a r*, &;c. which will evidently 
be an increasing or decreasing series, according as r is a tohole 
number or a proper fraction. In the foregoing series, the index 
of r in any term is less by unity than the number which denotes 
the place of that term in the series. Hence, if the number of 
terms in the series be denoted by (n), the last term will be 
af^'-^. 



XXXII. 



On Arithmetical Progression* 

108. Let S be the sum of the series a, a+&, a4-2ft, a+3&, 
&c.; then 

a^{a+h)+{a+^b), &c f.(a+(n— 2)i)+(fl+(fi— l)5)=s:iSi 

and (a+(w— l)i)+(a+(n— 2)A)+(a+(n-^)J,)&c. . . +(o-f-5)4-a=siS, 

where the lou>er series is the same as the upper one~, except 
that the order of the terms is inverted. 
Add the two series togetheri and we have, 
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(2a+{ii^l)ft)+(2«+(n— l)5)+(2a+(fi-l)ft)+&c.to»term8«s25; 

109. From the equation (2tf+(iH- l)&).n«2 S^ it appears 
that if any three of the foar quantities a, 6, n, 8 are given, the 
fourth may be found. For we have, 

I. By Art. 108 S«(2a+(»— 1)6)|- 

n. By actual multiplication, 2an-f&it'—,iviss2 8; 

.-. 2an=a2fiU*n«+J«, 

, 2Sr— ftn»+dn 
and a ^ 

III Again, ft n^ — &nB2 5— 2afi 

or (fi^— ii)ftn2 fiU-.2 a n; 
- 2fi^2afi 

IV. Tofindn,wehave,J^^^ ^^^^^g 
by trans^mtion, 5 

, jpl ' or ft n*+(2 0— ft>»2 S; 

• • 7» T" .ft ' I „ • 

ft ft 

Solve this quadratic equation, and it gives the value of n. 

Ex. I. Find the sum of the series 1, 3, 6, 7, 9, 11, &c. 
eontinued to 120 terms. 
Herea»1, 1 ^ r v« 

-»«^') -(2xl+(120-,)8)f. 

«.(2+ 119x2) 60«240x60mI4400. 



• Shicethesumofanytwotenn8aBs(ii^a<f(f»->-I)&)a8amQf^«f 

and ha term, and unce /9»(2 a+(»— l)^)?, it appears that the si^n 

of the series is equal to the turn of (he first and but tertna (or ofanj^ two 
termo eqiwBy distant from the first and last tarms)^ muUipUed into htiJIf 
tksnumbarofttrms. 
L 
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Ex. 2. Find the suia of the serws 16, 1 1, 7» 3, —1, — &, 
^c. to 20 terms. 

"•"Z^,?-s-(».+c,-i)»)i 

n» 20;^ ^^2xl5+(20— 1)X— 4)y- 
=s(30— I9X4)X10. 
-s(30— 76)X 10= — 46X 10«— 460. 

12.45 
Ex. 3. Find the sum of 1 50 terms of the series s' g' ^ ' 5* 3' 

^ ^ •.S=(2a+(n-T)&)|- 



Here «=»5i 



=.(2X^+(15O-I)x0 
=(1+112) 75=^75=3775. 



n=lBO-, 



Ex. 4. The ttm.of an a|4throetic series is 1240, common 
difference -* 4, and number of terms 20. What is the ^ret 
term? 



Here S=l240, ) 2 S— &ii'*+&n 



MO,) 
-4, C 



6=8—4, V * * 2n 

n=20; S 2480+1600—80. 400a 



:100. 



"^ 40 *^ 40 

Hence the series i3 100, 96, 92, 88, &c. 

Ex. 5.. The mm of an arifhnijBtic series is 1456, the ^ret 
term 5, and the number of terms 30. What is the common dif- 
ference? 

Here 5=1455, 1 , 2S— 2an 



5=^*^^') ...6 J 
a=6, > 



a=5, > ""-^ 

«^3Q; y ^2910^300^^ 
900—30 870 
HeQce the series is 6, 8, 1 1, 14, &c 
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Ex. 6. The sum of an aritfametic series is 567, the Jirsi 
term 7, the common difference 2. What are the number of terms ? 
Here 5^=667, 1 .2 a— I 2 S 
a=7, > ^ ^ 

6—2; ^ is n»+ 6 n =667; 

and n»+ 6 n+9=5674 9=676; 
...11 + 3 s=24,orn=?l. 

Ex. 7. How much ground does a person pass over in 
gathering up 200 stones placed in a straight line, at intervals 
of 2 feet from each other; supposing that he brings each stone 
singly to a basket standing at the distance of 20 yards from the 
first stone, and that he starts from the spot where the baskjet 
stands ? 

tt is evident that the space passed over by this person will 
be twice thi sum of an arithmetic series, whose first term is 20 
yards (i. e. 60 feet), common difference 2 feet, and number of 
terms 200. 

Here«=60, ) « /^ , ,,vn 

11=200; ) =(120+398^ 100. 

«s 618 X100«61800 feet. 
Hence the distance required =103600 feet =19 miles 4 fur- 
longs 640 feet. 

Ex. 8. A traveller bound to a place at the distance of 198 
miles, goes 30 miles \\i& first day, 28 the second, 26 the third, 
and so on. In how many days will he arrive at his journey's 
end? 



Here is given ff=30. 



11=30, y 
l^«r— 2, \ to fir 
^^=198, ) 



find the number of terms. 



Now fi»H — ^.n=-j^ ; .'. n*— 31 n=^ j— =—198, 
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J . o. . 961 ,^« . 961 169 
andn^— 31ii+ —-«=— 198+— -«=b-— . 
4 4 4 

„ 31 .13 ^ 31+13 ^^ ^ 

Hence n — S" *"i ©"i ""^^ «*" — ^ — **^^ ^^ ^* 

To explain the apparent difficulty arising from the two pom* 
tive values of n, which give us two different periode of the 
traveller's arrival at his journey's end, we must observe, that 
if the proposed series, 30, 28, 26, &c. be carried to 22 terms, 
the 16th term will be nothings and the remaining six negoHoe; 
by which is indicated the rest of the traveller on the 16th day, 
and his return in the opposite direction during the six days 
following ; and this will bring him agatn^ at the end of the 22d 
day, to the same point at which he was at the end of the 9th, 
viz. 198 miles from the place whence he set out. 

Ex. 9. There are a certain number of quantities in arith- 
metic progression, whose common difference is z, and whose 
sum is equal to eight times their number; moreover, if 13 be 
added to the second term, and this sum be divided by the num- 
ber of termsj the quotient will be equal to ih^ first term. What 
are the numbers ? 

tAtihibfinttermssXy ) then the «eoofuft«rm will be a?+% 
and the mMnftero/^erffweBsy; ) .... the hut term .... a;+(^—l}X2. 

In the expression (2 a+(n— 1)6) g, substitute x for a, 2 for 6, 

and y for n, and it becomes (2aj+(y— l)2)|=a(ajy+y»— yX 
for the sum of the series. 

By the question, xy\r y*— y=8 y, or y=B9 — ic, 

a?+2+13 

and »a:. 

V 

•c-f-2-f-13 
Hence ^ ■ — «ar, ora:'— 8a?«»— 16; 

.-. a?«— 8a:+16=16— 15«1, 

and a?— 4s=«Hhlj .\x^b or 3, 
ys9 — X aBi4 or 6, 
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From which it appears that there are two sets of namben 
which will answer the cotditions required; viz. 6, 7, 9, 11, or 
3, 6, 7»9, 11^ 13. 

Ex. 10. Find the sum of 25 terms of the series, 

2, 6, 8, 11, 14, &c^ Answer, 950. 

Els. 1 1. Find the sum of 36 terms of the series, 

40, 38, 36, 34, 6&c. Answ. 180. 

Ex. 12. Find the sum of 32 terms of the series, 

1, li, 2, 2i, 3, &c Answ. 280. 

£z« 13. The sum of an arithmetic series is 950, the com' 
man differemse 3, and number of terms 25. What is the first 
term? Answ. 2. 

Ex. 14. The fvmof an arithmietic series is 165, the Jirst 
term 3, and the number ,cf terms 10. What is the common 
dxff^erencel Answ. 3. 

Ex. 1 5. The sum of an arithmetic series is 440, first term 3, 
and common difference 2. What is the number qf terms f 

Answ. 20. 

Ex. 15. The sum of an arithmetic series is 54, first term 

14, and common difference — ^2. What is the number of terms ? 

Answ. 9, or 6. 

Ex. l^. A person bought 47 sheep, and gave 1 shilling for 
ibe first sheep, 3 for the seeond^ 5 for the thkd^ and so on. 
What did aU the sheep cost him ? Answ. 1 102. 9s. 

Ex. 18. A person began the year by giving away k farthing 
ihe first day, a hatf-penny the second^ three farthings tiie iMtd^ 
and so on. What money had he disposed of in charity at the 
end of the year ? Answ. 692. 1 U. 6|J. 

Ex. 19. d9. travels un^orwiy at the rate of 6 miles an hour, 
and sets off n^oa bis journey 3 bouts and 20 minutc» before B. ; 
L 2 
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B. follows him at the rate of 5 miles the/r«l hour, 6 the aeewnd^ 
7 the thirds and so on. In how many hours will B. overtake JIA 

Answ. In 8 hours. 

Ex. 20. There are a certain number of quantities in arith- 
metic progression, whose ^r«^ term is 2, and whose 9um is equal 
to 8 times their number; if 7 be added to the third term, and 
that sum be divided by the number of terms, the quotient will 
be equal to the common difference. What are the numbers ? 

Answ. 2, 5, 8, 11, 14. 



XXXIII. 

On Geometrical Progression. 

1 10. Let S be the sum of the aeries a^ar^ar^yU r*, &c. 
(Art. 107), then 

a+a r+ar*+a f*+&c. . • . ar^'-'+ar^-^ ^xS. 

Multiply the equation by r, and it becomes 

ar+tfr"+flr«+&c. . . . ar^-^+ar^^+af^m^rS. 
Subtract the upper equation from the lower^ and we liave, 
ar*— flaasrS^— 5^, or (r— l)5'a«ar»«— <i; 

and therefore, jS^sb- 



If r is a proper fraction^ then r and its powers are less than ) . 
For the convenience of calculation, therefore, it is better in this 

case to transform the equation intQ ^caf!II^, by multiplying 

1— r 



the numerator and denominator of the fraction by -—1. 

111. If 2 be the last term of a series of this kind, then 

l^a f*-S .'.rl:::^af^; hence S^(t!^Z:!f)jlh:^. From 

\ r— 1 / r— .1 

this equation, therefore, if any three of the four quantities 

Digitized by VjOOQ IC 



OBOMBTBICAL FH00HE8SI0N. 127 

S^ a^^*, i, be given, the fourth may be found. For Ss/JnHS:. 

r — 1 * 

a^rl^r—i)S} r«^,andl«^i^:i2£±£. The value 

of n cannot be found from the equation Sss^ — IZ? except by 

r — 1 

means o{ Logariihms^ as will be shown in a future chapter. 



Ex. 1. Find the sum of the series 1, 3, 9, 27, d&c. to 12 
terms. 
Here ass 1, ^ ^ a f^—a 1 x3*^— 1 

631441—1 631440 ^^^^^^ 
a s = — s — —266720. 



1=1, \ at^—a 1X3*^ 

r=3, V'-'^— TUT"" 3—1 
fi«12; > 81«— 1 



2 4 
Ex. 2. Find the sum of ten terms of the series l+-4.-.f 

3 9 



8 - 



Here 

a»l 
2 

ftaslOiJ 



W-8^ 



Kir ('-(D"> 



1— r ,_2 3—2 

3 



Now'- * »0«^ 



<Kir)3 



(IT 



3" 69049 , 

j_/2\"^j_1024 68025 
\l) *" 59049"'69049' 
3X68026 174076 



and S^ 



69049 69049 



Ex. 3. Find the sum of 1, 2, 4, 8, 16, &c. to 14 terms. 

Answer, 16383. 
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Ex. 4. Find the sum of 1, -, -, — , &c. to 8 terms. * 
' 3 9 27 



3280 



XXXIV. 

On the method of finding any number of Arithmetic or Geome- 
tric Means between two numbers, 

112. Let I be the last term of an arithmetic series, whose 
first term is (a), common difference (6), and number of terms 

(n); then Z«fl+(n— 1)5; .•• (n— 1)6=«— a, or 5=^=5. 

j^— 1 

Now the number of intermedicUe terms between the first and 

the last is n — ^2; let n— 2=m, then n— lessm+l. Hence 

I*— <i 

bsa — > — , which gives the following Rule for finding anff it«m- 

ber of arithmetic means between two numbers: Divide the de- 
ference of the two numbers by the given number of means tn- 
creased by unity ^ nmd the quotient wiU be the common diferenoe. 
Having the common difference, the m^ans themselves will be 
koown. 

1 13. Let I be the last term of a geometric series, then l^^af^^^ 

and r»-*=-, .'.rs v/ -. The number of intermediate terms 
a y a 

as before is n — 2; let n — 2=«i, then n — !■»»»+ 1, and 
fs W ~ , which gives the following rule for finding any num- 
ber of geometric means between two numbers ; viz. Dimde 
one number by the other ^ and take that root of the quotient which 
is denoted by m-\'\\ the result unU be the common ratio, Hav 
ing, the common ration the means are found by common multi- 
plication. 
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Ex. 1. Find aix aritfa»etic means between 1 and 43. 
Here 1-43,^ j_^ 43_, ^^ ^ 

By adding this common di&rence continually to the lesser 
number (1), we have 7, 13, 19, 26, 31, 37, for the «a? means 
required. 

Ex. 2. Find three geometric means between 2 and 32. 
Herea«2, ) «+wy 4/55 

Z«32,^.-.r=.^i«^^-Vl6-2; 

and the means required are 4, 8, 16. 
Ex. 3. Find two geometric means between — and 2. 
Herea=-,1 ~+71 VT^ 7^7 3 



l«2, 
fl»s2; 



8 4' 
•*. the two means are 5 and ^ 



Ex. 4. Find seven arithmetic means between 3 and 59. 

Answeb, 10, 17, 24, 31,38, 45, 52. 

Ex. 5. Find eight arithmetic means between 4 and 67. 

Ex. 6. Ilnd nine arithmetic means between 9 and 109. 

Ex. 7. Find two geometric means between 4 a,nd 256. 

Aiffiw. 16 and 64. 

Ex. 8. Find three geometric means beween ^ and 9. 

Ahsw. ^1 1, 3. 

114. Let a, a +6, a+2b be three quantities in arithmetic 
progression, then the sum of the first and last ss2a+2h^ 
2 {a+b) ; .-• a+bB^haif the sum of the §M and last; hence 
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an arUfametic mean between any two quantities is found, by 
taking iba(f their sum. Again, let a, ar, ar" be any three 
quantities in geamekie progression^ then the product of the first 
and last s^a'^r'ssi the square of the mean term, from which it 
appears that a geometric mean between any two quantities is 
found by taking the square root of their product.* From 
hende also it appears, that an arithmetic mean between any two 
numbers is greater than a geometric mean; for let the two 
numbers be a+x and a — x^ then the arithmetic mean is a and 
the geometric is %^a* — s^, which is evidently less than a. 



XXXV. 



On the Solution of Equations rekOing to KunAers in Arithmetic 
eal or Geometrical Progression. 

115* As the several terms of any arithmetic or geometric 
series may be expressed by means of ttDo unknoum quantitiee^ 
it is not difficult to find the value of quantities of this kind, 
which shall bear such relations to each other as may be deter- 
mined by two equations ; of which the following are Examples. 

Ex. 1 . Find four numbers in arithmetical progression, such, 
that their sum shall be 56, and the sum of their squares 864. 
Let Xsathe second of these four numbers, 
and jr^their common difference. 

* It may be proper here to observe, that quantities whioh are in 
geometric progression are also in contimted proportion g for a : ar :: ar : 
ar* :: a r* : a r* :: &c. The difftrenMs of quantities in geometric pro- 
gression are also in continued proportion ; for the succesave differences 
of the terms of the series «, ar^ai*^ ar\ ar*, &c. are a r^—ci, or" — «r, 
Of^ — or*% &c. or a r— a, (a r — a)r, (a r—ayi^f &c. which is a geometric 
progression whose Jl^ term is ar-^^ and common ratio r. 
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Then the four Bnmhers may be represented by x-^y^ sn^ x+py 

Heocet by the quesHon, 

and (a^--y)»+a?»+(»+y)*+(a?4'2y)«a*4«»+4a?y+6y*^ 
From l&t equation, 2x+ysm2Q. 
Square this equation, then. 4a?*+4ary+ y»rBs784 (^4), 
bttt 4 a?»+4 a?y+6 y»=:864 (J5). 

Suhtract {A) from (i?), and we have 6y*=B80, 

or3f*=al6, and y=s4; 

^ 28-.y 24 
.•.a:«-^«-«12. 

Hence 8, 12, 16, 20 are the four numbers required. 

£x. 2. The sum of three numbers in arithmetic progress- 
ion is 9, and the sum of their cubes i& 15S. What axe thenum* 
bers? 

Let 0? — y, a?, x+y^ be the numbers. 
Then (a>— y) +a: +(a?+y) =*3a? =9, 

« .9 

From 1st equation, x»-3«3| 

3 

•'.by svibsHiutiiyn^ in 2d equation, 8 1 -f 1 83^'os 1 53, 

or I8y»=163— 81=72; 

72 
.% ya—— »»4, and y«»«2. 

Hence, the numbers are 1, 3, 5. 



Ex. 3. Find three numbers in geometric progression, such, 
that their sum shall be equal to 7, and the sum of their squares , 
to 21. 

Let x^ py z^ be the numjit^rs. 
Then, by the question, x +y +z =xa 7, 1st equation, > 

ation. ) 



And ar»+y«+2;^=s2l, 2d equation. 
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ByNote(*)Art 114, a?:y::y:«; .•.y'"«a?«. 
Prom 1st equation, x+«ss57— y. 
Square this equation, and a?»+2««+«'=«48— l4y+Sf»(A); 
but 2a?«« 2y»(^> 

Subtract (J9) from (A), then «»+«»«49~l4y— ^. 
But, from ^ecand equation, flp»+«*«821*-^*. 
Hence, 49— 14y— y^^^l— y% 
or49— I4y=21; 

.•:14y«49— .2l«28. 
28 
"' y -" 14 "^- 

Again, since a?+» «=7 — 3f«=7— 2bb5, 
we have aj'^+S x »+«*=26; 

but 4a? « =16, for ««aay»; 
.-. by subtraction, a?^— 2 a:«+«'=26— 16=9, 
and X — ^«=3. 



Hence, a?+«=5, 1 ••. 2fl5=8, or a?«4 
x^^zssSi ) 2 «=2, or «=1, 
and the three numbers are 1, 2, 4. 

Ex. 4. The sum of four numbers in geometric progressioa 
is SO, and the last tetmdwided hy the sum of the mean terms is 

A 

-, What are the numbers ? 

3 

Let a^ssfirst term, > then the numbers themselves will 

5f athe common ratio; > be a?, a? y, a?y», x jr». 
Hence, by the question, a;+ay+a;sr*+a^«30, ist equation, 

xy^ 4 



1 



•"*^^ -5, M«l».ll«i. 
From 2d > xyXj^" 4 jf» 4 



equation, 5 a?yx(l+y) 5* 1+y 3' 
y reductic 
equation I 



By reduction of ") ^ * ^ , . 
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4 , 4 4 4 16 

2 4 6 ^ 

30 30 

Hence from equation (A), x:^ ^^^^^_^^ ^-^2. 

The four numbers are therefore 2, 4, 8, 16. 

£x« 5. There are three numbers in geometric progression, 
whose proiua is.64, and aum of their cubes 584. What are 
the numbers? 

Let the numbers be a?, xy^ x^, 
'^len,bythequestion,arx^xar^^ora?*y'a€4, 1st equation, > 
And a? + »V + «V=»^^4, 2d equation. ) 

Prom 1st equatipn, ««^*£1, and «»«12??. 
x^ xfi 

By s«b8tit«|ioB, in J ^.^^^ 4^..,34^ 

2d equation, ) . ^ 

Hence, a?«+64a:»+4096«684a?S 

or »«— 620 a?« «_4096. 

Solve this equation by ) ^ ^ ^^^ ^_g. ^^ ^^2. 

the rule in Art. 84, ) 

' Now y«=^=.£l=8; .-. y=2. 
^c* 8 

And the three numbers are 2, 4, 8. 

Ex. 6. The sum of three numbers in arithmetic progression 
is 15; and the sum of the squares of the two extremes is 58. 
What are the numbers? Answer, 3, 5, 7. 

Ex. 7. There are four numbers in arithmetic progression; 
the sum of the two extremes is 8, and the product of the means 
is 15. What are the numbers? Answ. 1, 3, 5, 7. 

Ex. 8. There are four numbers in arithmetic progression ; 
M 
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the sum of the squares of the two means is 2, acid the sum of 
the squares of the two extremes is 1 8. What are the numbers 9 

Answ. *--3,-*-I, I, 3. 

Ex. 9. There are three numbers in geometric progressioq, 
whose sum is 21, and sum of their squares 189. What are the 
numbers? Aksw. 3,6, 12. 

Ex. 10. There are three numbers in geometric progression; 
the sum of the first and last is 52, and the square of the mean 
is 100. What are the numbers ? ^ Answ. 2, 10, 50. 

Ex. 11. There are three numbers in geometric progression, 
whose sum is 31, and the sum of the first and last is 26. What 
are the numbers ? Answ. 1, 5, 25.* 



XXXVL 

On the Summation of an infinite Series of Fractions in Geome* 
trie Progression^ and on the method of finding the value of 
Circulating Decimals. 

116. The general expression for the sum of a geometric series 

whose common ratio (r) is k fraction^ is (Art. 1 10) iSs=?I^^_ 

1— r 

Suppose now n to increase indefinitely j then r"(r' being a 

proper fraction) will decrease indefinitdy\^ therefore ai^ will 

• Some curious Theorems relating to numbers ki Gtomeirical Pro- 
gression will be found in ** El^mens d^Alg^bre, par L'Hiiilier,'» Vol, U. 
p. 177... 208, Ed. 1812. A great variety of questions, both in jSrith- 
tneUeal and Geometrical Progression, will also be found in Bland's 
" Jigebraical Probkms. " 

t Letr=:l, for instance, then r%jL, r«=jl^ '•*=ioJoO' ^*=' 
from which it is evident, that if there be no limit to the increase of the 
index n, there will be none to the decrease of the fraction r». 
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decrease indefinitely with respect to a, or a will be the limit of 
, and -iL the limit of fZI^ or S; and consequently 

«^ will express the value of the series when the number of 



its terms is supposed to be indefinitely increased, or (as it is 
commonly called) the sum cfihe series ad infinitum, 

Ex. 1. Find the sum of the series 1 +-+-+, &c. ad tn- 

firwtum. 
Hereaaal, 



rJ.\ '"^ l^ ^' 



Ex. 2. JE4od the value of~+— •(•-^+&c admfiaUum. 
O 2o 1x6 




Ex. 3. FindthevaIaeor?^.i^i4.£4.iL4-&c.a<{{R^nitinii. 

4 2 3 9 * 7 




Ex. 4. Find the value of I +5+5+5L+ *^- ^ «5^«»»- 

Ahsw. -. 

Ex. 6. Find the value of f + 1 +f +i^+&c. ad infinitum. 
3 o 25 

Answ, 4}. 
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1 17. These operatioBS furnish us with an expeditious method 
of finding the value of circtdaHng decimals^ the numbers com- 
posing which are geometric progressions, whose comnum ratios 

are — « — * 1 ^c. according to the number of ftctors 

^^^ lO' 100' 1000 ^ 

contained in the repeating decimal. 

Ex. 1. Find the value of the circulating decimal .33333, 

dbe* This decimal is represented by the geometric aeries 

3 3 3 3 

JQ+ j^+ j3q5+ &c. whose firat term is -j^, and commm 

ratio ^ 
Hence a=»^. 



1 

'To'- 



Sn 





3 








a 


10 

"'-fo" 


3 
'10= 


3 

7-9- 


1 
•3 



Ex. 2. Find the value of .32323£32, &c. ad infiniufn. 
w 32 -) 32_ 

"®'® ^'"lOO' f . SanJL ^^ 32 32 

1 r '* ""l— r*" Jl_^'"lOO— I'^QQ 
'''"Too' J ^""100 

Ex.3. Find the value of .713333, &c. adfft^&ishfm. 
The series effractions representing the value of this decimal 

Tl ^ ^ 71 

are-^+ (geometric series) j^+— g^+fcc^^+A 

3 -^ _3_ 

^®^ ^"^ u?m» r -. 1000 3 3 1 • 



3 -) _3_ 

^""lOOO* f . 8^2221 

'•-loJ 3 i-Tc 



■ 1000— 100 900 300 

"To* -^ *""io 

Hence the value of the decimal =^ioo/Too"*" 300^300 



107 
"165' 
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Ex. 4. Find the value of .81343434, &c. ad mfiniium. 

„ 34 -> 34 

Here as 



34 ■\ 34 

^""lOOOOM e a 10000 

'''^lOO' J ' 100 



34 34 



10000— 100 9900' 



And the value of the deoimal«—+ ^«_+_.«_^, 



Ex. 5. Find the value of . 77777 j &c. ad injhdhm. 

Aksiveb, -• 

Ex. 6. Find the values of .23231^3, &e.| .83333, &c«; 
.7141414, &c.; and .956666, &c. ad infinUum. 

23 5 707 , 287 . , 

. A'^'^- 99'^' 990 5 ^"^^ 300 '^P^*'^^''^- 



M 2 
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CHAP. VIIL 



ON SURDS. 



Surd Quantities have already beea defined in Art. 55, and 
may be ezpVessed either by the radical ngUt or by their j^oc- 
tkmd indices X^tLB in Art. 66); thus the square root <f 2, the 
cube rod of 3, the nth root of a+6, the ctifte rooi of (a+a:)*, 
&c. &c. may be expressed either by v^2, ^3, Vo+J, -^(a+a?)*, 

6m!. or by 2*, 3*, (a+6)», (a+a?)*, &c. 

The precise vahie of these quantities cannpt be ascertained; 
it can only be expressed bj^ means of deeimals or series which 
do not terminate ; and in this sense they are called irrational^ 
to distinguish them from all other quantities whatei^er, integral 
or fractional, whose Yahies are determinate, and which are 
therefore denominated rationaL 



XXXVII. 
REDUCTION OP SURDS. 

Cass I. 

U8. A BATioNAX quanHiy map be reduced to the form of a . 
swrd^ by raising it to the power denoted by the root of the surd^ 
and then annexing the radical sign. 

Ex. 1. Reduce 3 to the form of the square root and it be- 
comes v^3' or %/9. 
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Ex. 2. Reduce 



• cube root^ 



3 ' J^'^'S/ 

Ex. 3. Reduce a+b • • square root^ • . , ^/(a+by. 
Ex. 4. Reduce 4 &' . . cube rooU • . . • -^64 6'. 



27' 



Case II. 
119. Surds cf different indices are reduced to equiuilent 
cms having the same radictd sign, by bringing their fractional 
indices to a comnum dencminator. 



Ex. 1 . Reduce a and a to surcb of the same radical sign. 
The fractipDs -^ and -, seduced to a common denominator, 

3 , £ 
aregand-; 

.\a^caa^aa^a*A which are surds with the same radi- 

Ex. 2. Reduce 3* and 5' to surds of the same radical sign. 

2 1 

The fractions -^ and 3^ reduced to a common denominator, 

aregandg. 

Now 3*« V3*««/81 ; and 6*=. V6»-</126 



Ex. 3. Reduce a^ and b^ 

Ex.4 c^andd^ 

Ex. 5 3^2 & 2^6 

Ex.6 4* and 16* . 



to Sards, 

with the 

^ 9ame ^ 

' radieal ^ 

ngn. 



f A»s. ^af^ and ^*». 
. . . Vc" and t/<**. 
. . . 3^4 & 2V126. 
.. . .</266&«/3375. 
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Case III. 
120. Surds are reduced to their simplest farm^ h^ observing 
whether the quantity under the radical sign cmUams^ as a fac- 
tor^ a paicer corresponding to the given surd root^ and Aen 
extracting the root. 

Ex- 1. v'a^—v^a'Xv^i^a^/*. 
Ex. 2. if/a»a?sstt^tf»xya?=saVaf. 



Ex. 3. v^TSsa^/sexi.sv^sexx/s-ev'g. 

Ex. 4. ^108=i^27x4«^27X^4«3^4. 
Ex. 6. ^2 a^V'+a^h c=^^a\2 b^+M c). 

«» a^JV+cFbc. 



to their 

mmpleaU 

form. 



''An. a»v^6c& la^2x. 

• . . a^\+b\ 

. . . 2^/14 and 2-^, 
L. ..3^3and2V3. 



Ex.6. Reducev^a*6c&^98aV 

Ex. 7 ^?+a»F 

Ex.8 ^56 and ^72 

Ex. 9. . . . . t/243 and ^96 J 

The quantity wMauJt the radical sign is called the ceeffideat 
of the surd; and it is evident, that this quantity may always be 
put under the radical sign, by raising it to the power denoted 
by the index of the surd. 

Thus, 7 a v/ 2 a?ai(by Case I.)\^7ax7aX v/ 2 a?. 

« v^49 a* X v^2 a?«v^98 a'ap. 
Also, x>/Z a— a?=sv^a?»xv^2 ^-ht. 



«=v^a?"(2 a— »?)=P\/2 aa?*-^-**. 

Case IV. 

121. If the quantity under the radical sign be a Jradiony if 
may be reduced to an iiUegnd form by the following process. 

Multiply the numerator and denominator of the fraction by 
such a quantity as wU make the denominator a complete power ^ 
corresponding to the root; and then proceed as in Case III. 
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Ex. 1. 5xV-5=5xV-p 



Ex. 2. 



Ex.3. 



e a ^, «c 



4^V7='4^^7X7 



=?xix*/14=-^I4. 



1 8ii6 19/8x2 J *v2/^ 
3'V8T°'3'V27X3"'3^3^ V 3 

2 3/2 



2 3/2X3- 



5X>yixl8. 



9 



27 
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.?xlx^I8-|^18. 



Ex. 4. 



Reduce* J? and a\/^ u^integrai AN8.V6yand ^c»a». 
^y ^« I Surds^n J y ^ 



Ex. 5. 



v,^»^»<f. 



^ their sim-'S 
pleat form. 1 •- 

[. . . |^^/6 and ^6. 
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XXXVIII. 

On the Application {f the Fundamental Rvles of ArUmetie to 
Surd Q^antUie8. 

122. On the Addition and Subtraction of Surds, 
Rule. Reduce them to thdr simplest form ; and if the surd 
part be the same in both^ then their sum or d^erence ttnU be 
found by taking the sum or difference of their coefficients. 

Ex. 1 . Find the sum and difference of \/ 1 6a'^ and s/Aa^x. 
By Art. 120, y/XQc^x^Aas/x^ 
and v^4 a*ar=2 a v/a?; 
.•. the«««isB4a-v/a:+2av^a?=5(4a+2a)X\/a?=6av^a?. 
the difference «4flv^aJ — 2av^i»=(4a— 2a)X\/x=2av^a?, 

Ex. 2. Find the sum and difference of ^192 and ^24. 
By Art. 120, ^192=^64 x 3=4^3, 
and ^24=s^"8 X 3=2^3; 
.-. ^1924:^24«=(4 + 2)^3==:6^3 or 2^3. 

Ex. 3. Find the sum and difference of ^y g= and >y g- 

8 1 

The two fractions .^ and ., reduced to a common denomi- 

27 6 

48 ^27 
iJiKor, are ^ and ^. 



M J^^ ^y It) X 3 4^/3 



A J^^ ^/ 9 X 3 3/3 
and, Vygg- V-^r3r2«9V2- 

Hence V^±V6--(§±§)^i■"§^'i' ^"^ Wi 
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If the surd part be not the same in the quantities to be added 
or subtracted from each other, it is evident that such addition 
^ or subtraction can only be performed by placing the signs + 
or — between them* 

Ex. 4. AM y^7a*a? and v'3a*aj together. . . Answ, 4a»v^3a:. 

Ex. 5. . . • v^l28 and ^/^2 14^/2. 

Ex. 6. ... -^136 and ^40 6^6. 

Ex. 7. Subtract 3 J— from 4;J-. -^V^IS. 

^ 27 ^6 15 

Ex. 8 \ -^108 from 9^4, 6^4. 

123. On the Multiplication and Dimsion of Surds. 

Rule. Beduee them^ if necessary^ to equivalent ones with 
the same index^ and then muUiph/ or divide both the rational 
and irrational parts respectively. 

Ex. 1. Multiply v^d by ^5, or a* by 5^. 

The fractions . and ^, reduced to common denominators* are 
2 3 

3 ,2 
gand^; 

.•.a*«a^=5/fl"; and fc^«6^«Vft'. 
Hence v^aX^&^Va'xVfr'^Va"^". 

Ex. 2. Multiply 6-^6 by 3v^8. 

6v^5x3v^8«15-v/40-=16\/4xTor 
= 16x2Xv^IO«30v^lO. 

Ex. 3. Multiply 2v/3 by 3^4. 

By reduction, 2-^3=2 x3^«i2xV3«=2V27, 

and 3^4«=3X4^=§X V4*=3t/l6. 
Hence2v^3x3^4rs:2t/27x3t/l6=6V!'432. 
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Ex. 4. Divide 2^be by 3v/ac. 

3 

and 3s/a cssS x (ac)^=i3 t/«V; 
2^6 c 2 6f^c» 2 6t6» 

Ex. 5. Divide 10^108 by 5^4. 
10^108=slOi9^27x4=10x3x^4=30^4; 

6^4 5^4 ''•"'^ ''""*** 6^4 

Ex. 6. Multiply ^15 by \/10 Answsh, V226000. 

Ex. 7. ,..•.. 1^6 by 1^18 ^4. 

Ex. 8. Divide lOv/27 by 2v/3 15. 

Ex. 9 10^108 by 6^84 ?^44l. 

124. On the Involution and Evolution of Surds. 

Rule. Saise the rtOiondl part to the power or root required^ 
and then mvUq^ly the fractional index of the surd part by the 
index qfthatpower or root. 

Ex.1. The *^iiareof ^ansra^^^sssa^ea^o*. 

Ex. 2. Cube of </6»«:6* ^ *«6*^« Vft«=6 V^. 

Ex.3. 4<A|KMi»rof 2^2«16X2*^*«16X2^«16-^16«. 
32^«, 

Ex. 4. Square root of ah^ «=a* ^ *6* ^ *=a^6i. 

Ex. 6. C^fe root of V2«ix 2* ^ *«ix2*=V2. 
8 2 2 ' 2^ 

Ex. 6. Cubeiv'S. . ." Answer, ^^3. 

* 8 
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Ex. 7. Find fourth power of i>/6 i. 

6 36 

Ex. 8. Find square root of 9^3 3|/3. 

Ex. 9. Find fourth root of — ^a» ?«/«. 

81^ 3^ 

Ex. 10. Find fifth root of^xf—Y ...... —*• 

126. From the preceding rules we easily deduce the method 
of converting fractions whose denominators are surd quantities^ 
into others whose denominators shall be rational. Thus, let 

both the numerator and denominator of the fraction J2L be 
multiplied by ^/x, and it becomes ^^; and by multiplying 

X 

the numerator and denominator of the fraction _ (,» 

^(a+xY or (a+xA it becomes ^( ^+^7 JK^+^Y ^ q 

in genera], if both the numerator and denominatorof a fraction 
of the form — be multiplied by Va?*-*, U becomes ^^^'^^^ 
a fraction whose denominator is a rational quantity. 



XXXIX. 

On the method of finding MuUipKers which shaU render Bino- 
mial Surd quantities Rational. 

126. Compound surd quantities are such as consist of two pr 
more terms, some or all of which are irrational; and if a quan- 
tity of this kind consist only oTtwo terms, it is called a binomial 
surd. The rule for finding a milttiplier which shall render a 

N 
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binomial surd quantity rational^ is derived from observing the 
quotient which arises from the actual division of the numerator 
of the following fractions by the denominator. Thus, 

I. ^JZ^ =a;«^i-(.ar»-23^+a:»-y +&C... +y^^ to n terms, 

whether n be even or odd. 

II. -— T-^==ar*-*--a?'»--*y+a;'»^y---&c..,--y*-* to a terras, 

when n is an even number. 

III. ^!+2{.*^gjn-.i_ajii--j^+a?«~»y^---&c... +3^-* to n terms, 

when n is an odd number.* 
127. Now let a:»s=a, y'*s=J, then a:=BV«j y=*V^ and 
these fractions severally become — ^!— — ., — fLZ — ^ and 

— ^Llt ; and by the application of the foregoing rules we 

have a:»-*«?/a*-*; a?'*-««iVa»-»; a?'»^»«Va«-», &c.; also, 
3/»=s5/6*; y^saV^'i &>«•; hence, a?»«-»ya:y««-»^ 5/i= 
*/^^«6; ar»-3y»— ya*-»x^ft*«^a«-»6«; dtc. By substi- 
tuting these values of a?*-*, a?"^, a;"^»^«, &c» in the several 
quotients, we have 

^^^ - «yo«-*+ytf^«6+5/a*-8i«+&c + v6»-i to 



n ietms; where n may be any whole number whatever. 

And 

aj« — ^y9 jps — vs a a:* V* 

+ay»+y^ &c. 
an-y a:-f.y ff j if 

«+y ap-f-y -«^y-^y ^ ^.^y-^a^—^y^ar-y 

— aj^r^yj; &c. 

r 
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II terms; where the terms b and yb^^ have the sign +, when 
n is an odd number; and the sign — , when n i» an eoen num-' 
ber. 

128. Sineethe divisor multiplied by the quotieiU gives the 
dividend^ it appears from the foregoing operations that if a 
binomial surd of the form V^— V^ ^ multiplied by \/(f^^,+ 
V«*~*J+\/^*^'*"+&'C.«..+V***"* (n being any whole num- 
ber whatever), the product will be it— 5, a ratiomli quantity^ 
and if a binomial surd of the form \/u+JI/b be multiplied by 

.«/an-i— «/<«*"®^+V«^^^^^-^&^c 4:V*'''"S the product 

will be a+b or a— &, according as the index n is an odd or an 
even number. The great use of this rule is, to convert frac- 
tions having surd denominators, into others which shall have 
rational ones; of which the following are exam{des» 

Ex. 1. Reduce*.— and — to fractions having 

^ -a— v^a? \/Q'\^\/3 

ratwnal denominators. 

Since th^ sum into the difference x^ two quantities' gives the 

difference of their squares, it is evident that.theffe fitctions 

may be reduced to others having rational denominators, by 

multiplying their numerators and denominators by a+s/x and 

v/8-— V'S respectively, without the formal application of the 

rule. 

and (a — s/x)(it+y/x)^a^x I is reduced to ^^ * 

Again ^/6(^/8— .v/3)«v/48—^I8=»(Art. 12Q>4>/3— 3-w/2, 
and (v/8+v'3)(v/8— ^3)=8— 3=s5; 

and the fraction is reduced to Y . ^ . 

5 . . 

2 
Ex. 2. Reduce to a fraction with a rational de- 

nominator. 

To find the mnltiplier which shall make •^3 — ^2 rational, 
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we have n=a3, a=33, *a=2; .-. V<<"""^+V«^*^*+ V6»"^**« 

^9+^6 + ^4, 

Now 2(^9+^6+^4)«2^9+2^6+2^4, 
and (^3— ^2) (^9+^6+^4)«(a— ft) 3— 2=1; 
.*. the denominator is 1, and the fraction i^ reduced to 2^9 *f 

.2^6+2^4. 

Ex. 3. Reduce f to a fraction with a rational de- 

nominator. 

Here r=3, a^x^ &*=^9 the sign of V^6 is +9 and n an odd 
number; .•. the multiplier is ?/«*"* — V«*^**+y^'"*=-^^' 

-^^xy+^y^;' Hence the fraction required is f • ^ , ^ J 

Ex. 4. Reduce to a fraction with a rational de- 

nominator. 

' Here nsss4, as=6, 6=3, the sign of lyb is +, and n an 
even number, .^'the multiplier is Va'*—^— ?5/a»— ^i+^a"— ^6^ 
— y &«-*«: V 125— V75+V45—t^27. Hence the fraction 

required is \^ 4/5+ 4^3 j Vt/125— t/75+t<45— 1/27 j~" 
|(4/i25_4/75+4/45_y27)^ 



* The numiw' of terms of the general seriea to b'e taken» is always 
equal to n^. in the present instance, therefore^ the number to ba taken 
is 3; and so in all other cases; recollecting that the last term is always 
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XL. 



On the m^hod of extracting the Square Root of Binomial Surd^* 

129. Let y/x and Vy be two quadratic. surds, which are 
not reducible to the same irrational part; their product will be 

irrational. For, if V^X^^il=»i, \/5s8s-7=:«-\/y ; that is, 

^/«"is reducible to the irrational part ^yl contrary to the sup- 
position. 

130. Next, let \/lr+ y/~ybe a binomial, both whose terras 
are quadratic surds, not reducible to the same irrational part. 
If this binomial be squared, the result is x+y+2>/xff^ a quan-, 
tity of which one part is rational, and the other (Art. 129) 
irrational. Let x+ysaa and 2y/xys=y/by then it appears 
that every binomial surd whose square root can be exhibited 
under the form Vx+\/y must be of the form a + s/T] 
a bcAng a rational quantity and s/b a, quadratic surd. The 
same will evidently be true, if one of the terms, as v^or, be sup- 
posed rational. 

131. The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. For, if possible, let 

v/aJ«a+v/6; then ««a*+6+2av/», and y/tra^'T^''""^^ 

"■ ±2a V 

a raHcnal quantity. But, by the supposition, %/b is a surd; 
hence ^x cannot be expressed under the form a+s/h In the 
same manner it may be proved, that the square root of a ra- 
tional quantity cannot be equal to the eum or difference of two 
quadratic surds not reducible to the same irrational part. For, 
if possible, let ^/ajMv^a+v'J, then aasa-fJ+Sv'aJ, and 



y/ah» — , , lyhich is impossible by Art. 129. 

nT 
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132. la any equation x+s/y^a'\-\/h^ consiating of rational 
quantities and quadratic surds^ the rational parts on each side 
are equal, and also the irrational. For if a; be not equal to a» 
let x=sa±m^ then aHtm+^/y*=a+v^ft, or ±m+\/y=^h^ 
i. p. \/6 is partly rational and partly irraHonal, which has 
already been proved to be impossible* In a similar manner it 
' may be shown, that in any equation m^x+n^yssp^x+qx/yy 
where ^/aT and ^y~cannot be reduced to the same irrational 
part, m^x^p^x^ and n^ysaq^y. For, if ^ be not equal to n, 
bytransposition,mv^»j)v^«+^\/3h-n\/y«=iH/»+C^ — «)v^y> 
contrary to Art 131, • •. qs/y^n^y^ and consequently m^/x^ss 
p^T. 

133. To find the square root of the binomial quadratic surd 
a+>/6. Assume \/a?+\/yss«v^a+>/6, then a?+y+2^a?yM: 

«+^/^» •*• (by Art 132) aj+yaaa, and ^s/xy^^h-^ hence 
««+2a?5^+^=sa«(A), and 4a^=«6 (-B); subtract (-B) from (A), 

then a:' — Jruy+jf^aaa' — &, and a:— y=v/a^— 6 ; we have 
therefore, 

a?+y=«a 7 2a?aaa+ v'a*— *, and «a«ia+iv'a^— d. 






a?— yssv^ft* — 6 3 23^**«^— v^a*^-6, and j^asio— J-v^a*— ft. 

Hence y/x-^-^y^^/ka-^Wa? — ft+v^i^JB— 4^a*— 6, an ex- 
pression which can evidently be of the form s/x+s/y^ only 
when y/a^^^ is a rational quantity. The square root of 
the binomial surd quantity a+s/b can therefore be exhibited 
under the form s/x+\/y only when a*— 6 is a square number* 
By a similar process it might be shown that the square root of 

a— Vi ia v^i«+iv^a*— 6— \/4a — Jv^a^^— 6, subject to the 
same limitation. 

Ex. 1. What is the square root of 19+8v/3 ? 

Herea=»19 ) , ^ , ^ 

s/b^Ss/3 V •'• «^—*«361— 192=3169, and x/1^^^13. 
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Hence \/ia+Jv^a»— 6+ Via— iv^^^=V^+^+ 



>^^_:^«^16+^3=:c4+^3. 



Ex. 2. Find the square root of 12— y/ 140. 
^^'y6=!/14o} •*• «•— 6«144— 140=.4, and ^^5lZF^=s2. 
Hence i/ia+iv^c^— 6— \/ia— i\^a«— 6=:%/6'+ l-.i/6^ 

Ex. 3. Find the square root of 3 1 + 1 2^—6. 

Herea=.3l )...«•— *=96 1+720= 1 681, and v^o^CI^ 

or 6=8—720 \ 



Hence V4a+iv^a»— 6 + v^4a — i%/a«— 6=^^+^+ 



Ex. 4. Find the square root of 7+4-^3. . Answ. 2+^/3. 

Ex.6 7— 2>/l0. . . v/5— v/2. 

Ex.6. 18— 10-vA^. . . 6— v/^^ 
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CHAP. IX. 

ON MISCELLANEOUS SUBJECTS. 

We now proceed to apply the principles laid down in the 
preceding Chapters to the investigation of questions of a mis- 
cellaneous nature, beginning with some observations upon 
prime numbers and their several relations. 



XLL 



On Prime Number a and their Relations; and on the Method of 
finding the least Common Multiple of two or more numbers. 

134. Nunibers which admit of no exact divisor, or which 
have no measure (Art 40) except themselves and unity, are 
called Prime Numbers^ as 2, 3, 5, 7, &c.; and two or more 
numbers, which have no common divisor, or measure, greater 
than unity, are said to be prime to each other^ as 8 and 9; 1 1, 

. 14, and 15; &c. 

135. Let a 5, the product of any two numbers, be divisible 
by c; then, if c be prime to &, it will be a divisor of a. For 
suppose b to be greater than c; then, if the operation in Art. 
45 be performed on them, the last divisor, or greatest common 
measure, will be unity, because b and c are prime to each other* 
Let the operation stand as follows; 
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then we have these equations; 



dq I *-"^f ^1 ) C « *— « <^f 
r e— d^s=c > or <ac*-^c{42 






er 
1 

Consequently, since c, by supposition, measures a&, it will 
mettsure ab^'^cp, or ad; and ac — adq^ or aa; and ad^aer^ 
or 0. (Articles 43, 44.) 

If c be supposed greater than 5, we shall, by a similar process, 
arrire at the same conclusion; which will be equally true, what* 
ever be the number of divisions in the operation. 

136. Hence it follows, that if the numerator and denominator 
of a fraction be prime to each other, there can exist no other 
equal fraction having its numerator and denominator respectively 
lees than tlfbie of the first. 

In the fraction p let a be prime to b; and let -^ bef an eq^al 

faction j then, since r=— » ^'^X* Consequently b will be 

a divisor of an; and since, by supposition, it is prime to a, it 
must (Art. 135) be a divisor of n, and therefore less than o. 
In the fianne manner it may be proved that a is less tbin m, and 

Uie fraction p is therefore in its least possible terms. . 
Again, since 5 is a divisor of n, let t=^Pi then n^pb^ and 

consequently, since ^=|=:-, m will =jpa; that is, if two 

fractions, of V9hkk the former is in its least terms, be equal, the 
numerator and denominator of the latter will be equimuUiples 
of the numerator and denominator of the former, respectively. 

137. If a and b are both prime to c, ab wiU be prime fo c. 
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For if notf suppose a b and c to have a common measure m, 
and let abmstnpy and Cssmq. Then, since a is prime to c, or 
m 9, it is prime to m; for if a and m bad a common measure, 
this would (Art. 43) be a common measure of a and mq. For 
the same reason, b is prime to m. ]^t, since ab^mp^ 

•^ef , and — (Art. 136) is in its lowest terms; therefore b is 
fn b tn 

either equal to m, or (Art 136) a multiple of m, wbich^is 

absurd, because b has been proved to fai^ prime to tn; .*. a 6 

and e can have no common measure, and co^quently ab must 

be prime to c. In the same way, if a, 6, c are all prime to d, 

afi c is prime to J, and so on. Hence, if a be prime to dy a% 

a', a*, &c. will all be prime to d. 

Again, if a, b, c, &c. are each of them prime^to each of 
dj Sff^ &c. abCy d^c. wili be prime to de/, &;c. For, since 
a, ft, c, &C; are prime to d, aft c, &c. will be prime to d. Fox 
the same reason, a ft e, &c. is prime to e,/, &c., and conse- 
quently to d e/, &c. Hence, if a be prime to d, a* will be 
prime to d^ a» Xo d", and so on. 

138. A common multiple of two or more numbers is any 
number which is measured by each of them; and their least 
common^ multiple is the least number which is so measured. ^ . 

Let c be the greatest common measure of a and ft, and let 

assm c, ft»n c. Then a b=sm n c^, and —ssmn €=n assm ft ; 

c 

therefore ^ is a common multiple of a and ft. It is also their 
c 

least common multiple; for let d be any other common multiple 

of a and ft, and let d^pa^qb; then 5=?=^, where ^ is in 

p b n n 

its least terms^ because (c being the greatest commoti measure 

of a and ft) m and n are prime to each other; therefore q and 

p are equimultiples (Art. 136) of m and n respectively, and q 

is greater than m; hence, ^ ft is greater than mft, or d greater 

than —. Hence, the least common multiple of two numbers 
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is equal to their product divided by their greatest common 

measure. It may be farther observed, that every other common 

multiple of a and 5 is a multiple of thei^ least eon\m(^/muili* 

ple$ for since ^ is a multiple of ^, 9 & or <Z is a multiple of m fr, 

ab 
or — • 1^ 

To find the least common multiple of three numbers, a, by c; 
let m be the least common multiple of a and &, and n the leitst 
common multiple of m and c; then n will be the least common 
multiple required. For since m is a common multiple of a and 
b^ and n a common multiple of m and c, n will obviously be a 
common multiple of a, 5, c. It will also be their least common 
multiple; for let d be aDy other multiple of a, 6, c, then d will 
be a multiple of m, as has just been shown; and since it 4s also 
a multiple of c, it will be a multiple t)f n, and therefore must be 
greater than n; hence n is the least coimnon multiple of n^^, c. 



XLIL 



Properties of Numbers. 
139. Let a, &, c, d, &c. reptesent the digits of a number, a 
being the digit in the unifs place, & the digit in the ten^s place, 
c the digit in the hundred^s place, &c. &C.9 and let rs? 10, then 
the general value of any number may be represented hya+b r + 
Cf^^'+d r'+&c. ; thus, 367=7+50+300«:7+5x lO+3-X lO«; 
and 4213=3+ IX 10+2 X10»+4X 103; &^c. &c. From this 
mode o£ representing a number, the following properties are 
Tery readily deduced. 

I. If from any number the aum of its digits be subtractedi, 
'the remainder is divisible by 9. 

For let a+&r+cr®+df"+&c.Bs=the number 
Subtract a+ b+ c + d +&c. 

Then we have J(r— l)+<r»— l)+d(r»— l)+d&c. for the value 
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of tbe number tthen Us digits are subtracted from it; but by 
Art. 126^ this quantity is divisible by r-^1 or 9. Take, for 
instance, the number 37591, subtract the sum of its digits^ and 
tbe remainder is 37566sas9x4174. 

11. If 4y sum of the digits of any number be divisible by 9, 
the number itsAf is divisible by 9. For let tbe number be iV^ 
and the sum of its digits 5, and let Stssdm. Then (by Pro-^ 
perty I.) if— S is divisible by 9; let iV— S=9p, and we have 
iV^9mas9p, .•.iV«9|>+9msa=9 (!>+«»)> which is divisible 
by 9; consequently N is divisible by 9. Thus the numbers 
171, 387, 51489, &c., the sum of whose digits is divisible by 9, 
are themseltes divisible by 9. 

in. If the sum of the digits of any number be divisible by 3, 
then the number itself is divisible by 3. Let N and S represent 
the number and sum of its digits as before, and let S:=^3m. 
Now iV— Ssa9p, .•. JV— ^m«=9jp, or i\r=9jp+3i», which ia 
evidently divisible by 3. Thus the numbers HI, 123, 258, 
1713, &c* are all divisible by 3. 

IV. If from liny number the sum of the digits standing in the 
odd places be s^racted^ and to it the sum of the digits stand* 
ing in the even places be ai4ed^ then the result is divisiUe by 1 1 . 

For let the number be a+5 r'\-c r*+dr*+cr*+&c. 
^(2(2-*-a+& — c +d — e +&c. 

the result is 6.r+ 1 +c.r*— 1 +d.r»+ 1 +c.r^— 1 + &c.; 
but by Art. 126, tbe quantities r+1, r'— 1, r»+l, r*— 1, &c. 
are all divisible by r+1; therefore &.r+l+c.r« — l+^.r'+l 
+e.r*'— 1+&C. is divisible by r+l» or ssll. Take, for in- 
stance, the number 57937; subtract 5+9 + 7»21, and add 
7-f-3aBlO, or, in other words, subtract 11, then the remainder 
57926=11X5266. 

V. If the sum of the digits standing in the even places, be 
equal to the sum of the digits standing in the odd places, then 
the number is divisible by 11. Let iV«a. tbe number, S » the 
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sum of the even digits, «=slhe sum of the odd digits; then (IV.) 
N+S^s is divisible by 1 1; but if ^=s«, then Ay— *=»0, .•. N 
is divisible by 11. Thus the numbers 121, 363, 12133, 48422, 
&c. are dli divisible by 1 1 . 

The number r (which is called the root of the scale) has 
here been supposed salO, that being its value in the common 
system of notation; but the above properties of numbers are 
true for any other system. For instance, if the system of nota- 
tion be such that the value of the digits increase only in a sixfold 
instead of a tenfold proportion from the right to the left, then 
(since r^:^Q\ and consequently r—1 =6, r+l=7) what has 
just been proved with respect to the numbers 9 and 1 1 , is 
equally true with respect to the numbers 5 and 7, in the sys- 
tem the root t>f whose scale is 6. 

140. Suppose, now, that it was required to transform a 
number of the common arithmetical scale into another of the 
same value^ where the root of the scale shall be r; let the given 
number be iV, and let the digits of the number where the root 
of the scale is r, be a, &, c, d, &c.| then we have 

N^a+b r+c r*+dr^+&.c. 
an equation in which N and r are given, to find the values of 
o, &, c, d, &c. Divide N by r, then the quotient is b+c r+ 
d r"+&c. and the remainder a; divide b+c r+dr^+SLC, by r, 
the quotient is e+dr+SLc>f and the remainder b; divide 
C+dr+6i.c, by r, the quotient is d, d&c. and the remainder c; 
so that the rule is, to divide the given number continually by r 
till the last quotient is less than r, then this last quotient, to- 
gether with the several remainders taken in the reverse order, 
will be the digits of the number required. For instance, let it 
be required to convert the number 3714 into another number of 
the same value, wherein the value of each digit shall increase 
in fi fourfold proportion from the right hand to the left. Here 
ra4j and the operation will stand thus; 
O 
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4)3T14( 2gsl3t remainder "1 Hence 322002, where the value 

4 )928(Q =a2d remainder J ofeach digit increases in a /ottr/W<l 

4)232(0=s3d remainder I proportion, is a number of the 

4)58C2=»4th remainder pame value witb 3714, inhere the 

4)1 4(2 g«5th remainder 1 value of each digit increases in a 

3 J tenfold proportion. 

141* The foregoing properties of numbers have been deduced 
from the manner in which they are represented by means of 
the series a-^-br+ct^+dr^+^i^c. Bat numbers may also be 
considered as arising from the c<mtinued multiplication of cer« . 
tain factors. The moat general form under which numbers 
may be thus represented is a** &** c** cf, &c« wliere a, fr, r, d, && 
are prime numbers, and n, m, r, «, &c. any whole numbers 
whatever. One of the Hmp^t cases of this kind is when the 
number comes under the form a*6; and under this form we 
ate enabled to investigate the expression for what is called a 
petfect number, i. e. a number which ie equal to the eum of all 
its dimeors. 

The process is this. The divisors of a*J are 1, a, «*, o^i 

&c. . . . fl» and ft, aft, a^^a^b^ &c. ... «*— *ft; hencfe by the 

supposition, 

a'*6=sl+a+a»+a»+&c....+a"+ft + aft+a«ft+&c. +a'^*ft 

flw+i*— 1 a*lh^ 
.(by Art 110) -__+-_-, 

.-. a*+*ft— a*6=a«+*— 1 +rt*ft^-*; 

Qr tf»+*ft— 2a»ft+6«a''+*«l, .*. ft«— ~^— pj5 bat 

since ft is a whole number, suppose a*+**— 2 a*+l equal to 
unitff^ and consequently «*"•"**— 2 a*aeO, anda— 2«0, or a«2; 
hence 6=2*+*— 15 and the expression a"6 becomes 2"(2»+*—l), 
where 2*+^^— 1 must be a prime number. Let n=l, 2, 3, 4, 
5, 6, &C..I then 2*+*— 1=3, 7, 16, 31, 63, 127,266, &c; of 
which the prime numbers are 3, 7, 31, 127, &;c., and the cor- 
responding values of n are 1, 2, 4, 6, &c.; hence a sy8tem*of 
perfect numbers may be generated in the following manner. 
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2 (2»_1)« 2x 3=»« 
2«(2y— 1)«.64 X 1 27a*8 1 2B 



and proceeding in this manner, 
the next perfect number is found 



XLIII. 



Permutations and dmdnnations. 

142. By Perrrimtations are meant the number of changes 
whieh any quantities a, 6, c, d, &c. may undergo with respecit 
to their order^ when taken Itoo and two together, three and 
ihree^ &c. &c« Thue aft, ae^ad^ ha^ bc^bcf,ea^ c&, ec2, dn, 
dd, de, ai^ the different p^mautationfl of the four quaDtities 
a, ft, e, d, wbeA taken two itnd two together; abe^aeb^bac^ 
tca^ cab^ eha^ of th« three quantities <t, 6, «, when taken 
three and three together; &e. &e. 

143. By Combinations are meant the number of collections 
which may be formed out of the quantities a, 6, c, d, a, &c. 
taken ftoo a^d two together, three and thr^ together, &c. &c. 
without having regard to the order in which the quantities are 
Tirranged in each collection. Thu9 ab^ac^ad^bc^bd^cd^ 
are the eomibinations which can be formed out of the four 
quantities a, ft, c, d, taken two and two together; a ft i;, oft d, 
€icd, fttfd, the combinations which may be formed out of the 
same quantities, when taken three and three together; &c. &c* 

144. Let there be n quantities, a, ft, c, d, e, &c., taken <too 
and two together; then, by Art. 142, it appears that therts will 
be (fi — 1) permutations in which a stands first; for the same 
reason there will be (n^l) permutations in which ft stands 
first; and so of c, d, e, &c. Hence there will b^ n times (n — 1) 
permutations of the form ab^ac^ad^ a€, d&c; ft a, ft c, ftd, 
fte, &c.; ca^.cb^ cdfCe^ &e«; i* e. /fta number of permuiaiUms 
ofn things taken two and two is n(jnr^\). * 
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145. If these n quantities be taken three and three together, 
then there will be n(n — 1 ) (»i— 2) permuUUUms. For if (»— 1 ) 
be substituted for n in the last article, then the number of per- 
mutations of ft — ] things taken two and two together will be 
(n — l)(n^-2); hence the number of permutations of 6,c, </, e, 
&c. taken two and two together, are (n — lj(ii — 2), and conse- 
quently there are {n — 1)(n — 2) permutations of the quantities 
a, 6, c, d^ €, &c. taken three and three together in which a may 
stand first; for the same reason there are (92 — 1) (/i— 2) permu- 
tations in which h may stand firsts and so of e, (f, 6, d&c. The 
number of permutations of this kind will therefore amount to 
n(n— l)(n— 2). 

146. In the same way it appears, that if the number of quan- 
tities be n, and they are taken m and m together, the number 

of permutations will be n(fi— 1) (n — 2), &c (n~-«i+ Oi 

and if m^K^n^ i* e. if the permutations respect all the quanti- 
ties at once, then (since m-^nssO) the number of them will be 

n(n— 1) (ffr— 2), &;c 2. L Thus, the number of permuta- 

tions^hich might be formed from the letters composing the 
word ^'virtue'' are 6x5x4x3x2x1=720. 

147. But if in this latter case the same letter should occur 
any number of times, then it is evident that we must divide 
the whole number of permutations, by the number of times th« 
permutations are multiplied by having different letters instead 
of the repetition of the same letter. Thus if the same letter 
should occur twice^ then we must divide by 2 x 1 ; if it should 
occur thrice^ we must divide by 3x2x 1 ; if i> timee^ by 1.2.3...p; 
and so for any other letter which may occur more than once. 
Hence the general expression for the number of permutations 
of n things, of which there are p of one kind; r of another; 

. n(fi— l)Cn— 2)rii— 3)....2.1 ^. 
, oi another; &c &c. is ;.,.3..yxl.2.3..rxh2.3..g ^'^"^ 
the permutations which may be formed by the letters composing 
the word " easinesa^^ (since a occurs thrice^ e twice) are 
8.7.6.5.4,3.2.1 3 
1.2.3.x 1.2 • 
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148. From the expression (io Art. 146) for finding the 
number of permt^aHans of n things taken m and m together, 
we immediatety deduce the theorem for finding the number of 
eamhinaiians of » things taken in the same oaanner. For the 
permutations of n things taken iwo and two together being 
n(n — 1), and each cambinaiion admitting of as many jpermu- 
to^ton^ as may be made by two things (which is 2x1), the 
. number otcomMnationa must be equal to the number of per- 
mutoHons divided by 2; i. e. the number of eamUnations of n 

things talcen two and two together is ' ■ For the same 

reason, tber combhuitions of ft things, taken three and three 

tdgether, nf ust be equal to "*^ IT — ^9 >°<^ ^ general, the 

combinations of n things taken m and m toother must be equal 
n(n~l)(n-2)....(n+m+l) 
1.2.3....itt 



XLIV. 



UnlimUed Problem. 
149. It has already been obserfed (Art. 69), thatjn order 
to obtain the solution of equations containing any number of 
unknown quantities, it is necessary that there should be as many 
equations as there are unknown quantities. If the number of 
equations be less than that of the unknown quantities^ then the , 
number of ? alues of the unknown quantities will be utdimUed^ 
unless the problem be limited by circumstances. This will be 
readily understood by taking the simple case ot x+y^Wy 
where it is evident that the values of x and y may vary through 
all degrees of fractional and integral magnitude between 
O and 10; for if x^i^ then y^H; if s^'^h ^^^ 9"^^ f ^ 
x^H, then y^6|; &c. dsc) b«t if the bypotbMa be limited 
O 2 
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to the integral and posUive values of x and y^ then the num- 
ber of answers is limited to mnd for if a^cssl, 2, 3, 4, 5, 6, 7, 
8, or 9, then the corresponding values of y are 9, 8, 7, 6, 6, 4, 
3, 2, or 1. 

150. Suppose now it was required to find all the integral 
and positive values of x abd ff in the equation 2:e-f-3ys=il7. 

Here a:«i^=^«8+i— y-|; «8^y-(?tliY and since 

X and y are whole numbers, it is evident that ^-— must be 

«i 1 

also a whole number. Let^^-^ap, then ys2p+l, and 

a?ae(8- -y. ■ ! !*») 8 — 22>— I— p=a7 — 321. To mak&:e a positive 
number, p cannot be taken greater than 2; let j>saO, 1, or 2, 
then 07897, 4 or 1» and the corresponding values of y (2|i+l) 
are 1, 3, and 5; so that the number of positive and integral 
values of 0? and y are limited to three. 

151. Next let it be required to find the same in the equation 

r. rr XX 14a%-7 7(2a>-.iy , . 

14 a; — 5«aB7. Here ys — ^aa*-^— - — -; and smce 5 is 

o 5 

2«— 1 

not a divisor of 7, — - — must be a whole number (Art. 135). 
o 

Let?^-!', then 2«-6p+l, & «-2i.+E±.^ let ^ ■=«» 

then jpaas2 q — 1 ; hence x=^(2p+qsa) 4 (f— 2+5f8=6 ^{^—2, 
^ 7(2a?~1) 7 (10^^5 ) ,. ^ 

and ysa;-^ r -«b^ f >^aES 140^^7. 

o o 

Let^aal, 2, 3, 4, 5, &C ^ In this case the positive 
then A7a3, 8, 13, 18, 23, &c. \ and integral values of a? and 

yass7, 21, 35, 49, 63, &c. ) y are uhUmited. 
' By attending to the several parts of the process in the two 
last Articles, the solution of the following Questions will be 
readily understood. 

I. In how many ways may the sum of £5 be paid, in crowns 
and seven-shilling^pieces? Let afaathe number of seven-shil- 
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liog-pieces, ^aathe noinber of crowns; then 7fl?+5y8sl00, 

^sa.2rr_l-!:±=s20— a;-- _ (where a: must be divisible. by 6> 
6 6- 

Let ?=»©, then a?=a5jp, and yaa ( 20— a?— •??» ) 20— 6jp— 

£|)a2(>— 7p (where p must evidently be less than 3). Let 
pacsl or 2, then a^asd of 10, and j^slS or 6, so that a pay- 
ment of this sort can only be eiSected in tmo wap. 

II. What is the least number of pieces in^ which a bill of j^7 
can be paid in half-guineas atid seven-shilling-pieces? Let 
OfssDumber of h^lf-guiiieas, ^suumber of seveh-shillifll^pieces, 

then 21a?+14y«280, or 3a?+2y«40, and y«15=if« 



20 — jr— ? (where a? must be divisible by 2). Let ^^f^ then 

a;«sB2p, and y=s — II— £=s20 — 3|> (wheY'e p must be less 

than 7). * * - 

r so that the number of ways * 
Let psss 1, 2, .3, 4, 6, or 6, I in which this payment may 
then x=' i^, 4, 6, 8, 10, or 12X be made is ^; and the 
and |fa=sl7, 14, U, 8, 5, or 2, j 2ea«< number of pieces is 

L 14, the greateat 19. 

m. A person owes me seven shillings; he has no other 
money about him but half-guineas, and I no other but crown- 
pieces ; what is the least number of pieces by which this debt 
may be settled ? L^ a^sDumber of half-guineas, yssnumber 

of crowns, then 2l»— I0ysal4, and ya» ~^^g2g— 1 + 

^Zlf, Let?Ilf«;jp, then a:==l0y+4, and yas(20p-f8— 1 

-f.j)8s:)2l|>+7(where p may be 0, or any whole number 
whatever). 
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"so tb&t'tbe least number of 



Let |>*»0^ 1, 2, 3, 4, &c. 



pieces is 11, viz* 4 balf-gui- 
neas and 7 crowns; but the 



then a?=4, 14, 24, 34,44, &c.^ — *; .' ^- . ~\. , " ' 
r • • ' * I payment may be effected is 

IV. It is required to ^nd the least Bumber which when 
divided by 19 shall leave the remainder 7; and when divided by 
28, the remainder 13.. Let x and y he the quotietO^ arising 
respectively from such division, then I9a?+7=28y+l^, and 

be divisible by. 19). Let -OL*=2i, then »«--^| — =:^P 

4.£ll?; put?^=5, then p=:3^ + 2; and as it is required to 
3 3 

fifid the. least number which will answer the conditions required, 

" * »— 2 ' ^ 28«+6 

let n^O^ then i>==2, yc^6p (fo|;^^=0)=1.2, «;=.-_-. = 

IS, in which case 19«+7 and My+lS are each equUl to 349, 
wMch is the number required. . 

V. What is the least whole numbed which, when divided by 
B, 6, 7, respectively, sliall leave remainders 1,'2,. 3 ? Let ar, y, 
ar be the quotients arising from this divisipm, then 5a?+l==6y 

+2-7^+3. Now a;=^«=yf ?±i; let ?±i-J^ then 
yatt5|>— 1, and 6y+2=3:30jp— 4a»7«+3;^ hence «^=^— ^ — 
as4|i^ 1+^ (where |> must be divisible by 7). Let|»jr, 

theiijp«t7 J, and ««^4ii-.l+^«) 28 }— l+Sj—SO^— 1. 

Let^n 1, 2, 3, &c. "^so that the least iVumber 
then z^ 29, 59, 89, &c > which will answer the con- 
and 7;ir+3a206, 416, 626, &c. ) ditions required is 206. 
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XLV. 



Diopkantine Problems, 
152. These are a species of unlimited problems, principally 
respecting square and cube numbers. No general rules can be 
laid down for the solution of them ; but the following examples 
may serve to give the learner an insight into their nature, and 
the manner of solving them. 

I. To find two square numbers whose sum shall also be a 
square number. Let 3^ and a' represent the two square num- 
bers required ; then the values of a;* and a* must be such, that 
af*+«* may be a square number. Now a^-r^^' is greater than 
a>— af (for ic— a]*=sa?*+a*— -2aa:); we may therefore assume 
x'^+a^^atnx — a]^, where m is some number greater than unity; 
but if a?" +a"=m a?-— a|*«m»a?»— 2ina x+a% then ^•«fn*«'^~ 

2max^ or m^x-^xsa^ma; .•.:cea-— — -; hence the two num- 

ffi*^— 1 



bers required are 



^ma 



9 



OT^^— 1 



, and a', where m and a may be any 



whole numbers whatever; but that --5— t may be an integer^ 

it is necessary that 2 ma be some i^ulti pie of m* — 1. Let 

m«s2, asS, then the two numbers are 16 and 9, and their 

225 
sum 25. Let msS, a^B^ then the two numbers are — and 

16 

(tori 

25, whose sum ~ — is also a square number. Let m^ssB, 
16 ' 

asB, then the numbers are 36 and 64, and their sum 100, 

&c. d&c. 

IL To find a number (x) such that x+a and x--a shall 
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both be square Rumbers. Let x + asm*, than x — a^sstn^ — 2 a; 
assume i»V-2 assm— a]*a=s«*'— 2 m a+a*^ then — 2 as— 29na 

+a», or 2«asa»+2a; .'. ib«?±?, and ««=.?!!±i^±i; 

aS4.4ii4.4 a'4-4 

hence ap«sam^ — utaZJL — ZL. — a=s_IL^ where a may be 

4 4 

any number whatever; and If it be an even number, then x 

(and consequently x+a and a?^-HCt) wili be a whole nuftiber. 

ir . . .c «'+4 ^ . ^ I i 9 5 , , 

Leta=l,theii^xs — -J— «=-; a?+fl=-+l=-; a?— as^— Is^, 
4 4 4 4 4 

asas2, . . . ap«^i-ssa2; a?+a=2+2=s4; »— <i=sO, 

4 4 4 4 4 . 

artt4, . . . a?= 15±is=5; a?+a=5+4=9j ap-ii=s5— 4s=.l5 
4 

d&C. &C. &C. &.C« 

and this is a general property of square numbers^ viz. that if 
we take any number, square it, add 4 to that square, and then 
diTide the result by 4, it will give such a number, that the suin 
and d^erenoe of it, and the original number^ shall be a square 
number, 

III. To find three square numbers which shall, be in arith- 
metic progression. Let the numbers be a?*, y*, 2:*, then st^+z* 
^^y"". Put x^p+q^ and ar—ip— ^, then aJ*+«»=2jj«+25»- 
•■2y*, .•sp'+^'^sy*, and the question resolves itself into the 
finding p and ^, such that 2>'+9' shall be a square number. 

Let, therefore, (Ex. L) j>«l.^, 5«a, then 

«* — 1 



-. I ^ 2ma , ^ 



p--«- 



m»— I 
2ma^ 



g(mHl) 



where a and m may be any num- 
bers whatever. For instance, let 
a=3, m=2, then ««?, jr«5, »a=I, 
and the square numbers in arithme- 
tic progression are 49, 25, 1. Let 
a=8, ms3, then xsl4, y=10, 
-2, .*. the square numbers in Arithmetic Progression are 
196,100,4. 
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XLVI. 



Thfi SchU^on of hoc Questions relating to NunAers in Geome- . 
trical PrpgresMtt. 

153. Let a be the first temiy r the common ratio^ n the 
number of terms ^ and S ih^^um of a Geometric Series; then 

(by Art. 1 10) S=2!!^; and if a«l, 8^^^'^^. Now let 
r — 1 r— 1 

2 be the sum of the series arising from the successive addition 

of 1, 2, 3, 4, &c. • . • n terms of the geometric series; then 

we shall iiave*, 



I 5faBl+r+^*+**+*^-*'&C' • ••• t**~*= — r» aad 

of which the following are examples. 
L Let rs2, 

then fif- 1+2+4+ 8+l6+&c...2»-* «.2»— J, 

2«l+3+7+16+31+&c...2*— l«2*+^n+2). 

IL Let r^2tj 
thenS«l+3+ 9+27+ 8l+&c...3«-* ""^^ 

,«i+4+i3+4o+i2i+&c...?:=j«2::^^ 



^edby 



Google 



168* 

HI. LetrrB4, 
thenS=l+4+16+64+256+&c...4"~* «l!lli 

S=H-8+21+85+34l+&c...f:i.>=.l!:^i=!i5ii±l). 

«3 9 

&C. &C. dLC, CBS Ac. 

154. Let?+^V-±|-*+^*+^* + &c. be-nn 
c cr cr* or* cr* 

infinite series of fractions whose ni|teerators are in Arithmetical 
and tbelr denominators in Geometrical Progression. For find- 
ing its sum (S), this series may be resolved into the following; 



a , a a , a , a , s j * £ u ^ «r 



n 



--LJi+ JL +-!!- -lJ!L +&C- ad en>t<tim = 
c^cr^ci^^cr^^Cf^ . "^ <r— l) 

b h b b ^^ . h 

cr^cr^^cr^^Cf^ . c(r— 1) 

h b b ,. b 

J. 4, 4-Q&C ass- 

cr^^Cf^^cr^ : cr(r^l) 

b b ,. b 



Cf^^cr^ cr"Cr— 1) 



cr* cr^(f— 1) 



■F»,(b,A«.ue)!(i+;'+l+i+»..)-5(l_i)-,-iS7- 



a( 1,1.1.- N 5/ r* 1 * 



1— i 
r / 
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Hence S= -r^, v+-r^/ 1 +l+i+i +&c. adw/!m^m\ 



of which the following are examples. 

I. Let a=i, &=:!, 0=1, r=a2, then 

II. Let a=l, 6=2, c=3, r=.2, then 



III. Leta=2, 6=3,c=6,r=3, then 

6"*" 13"*"45"^136 M06"*" 10"*"20*'20' 
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CHAP. X. 

LOGARITHMS, AND SUBJECTS CONNECTED WITH THEM, 



XLVIL 



Definition and Pr&perHes of Logarithms, 

156. In the two following series^'of quantities, a*, a^\ «*", 
a*'", &c. (.^)^ a;, a?', a;", x'", &c. (J9); where a is some given 
number, and x, x\ x^\ x"'j &g. any variable quantities what- 
ever, the several terms of the series {E) are called the loga-- 
ritkms of the several terms corresponding to them in the series 
(A). Thus if a*=y, a'^'^y'y a"'=y", &c. then a:=log. y\ 
ar'=log. y'\ a:"=log.y; &c. 

156. In adapting the series (A) to the numbers 1, 2, 3, 4, 
5, 6, &c. the given number a musjt be greater than unity, the 
first index x must be equal to 0, and the several indices a?', a/% 
x*'\ &c. must keep continually increasing. For in this case, 
since (by Art. 66) a°=l, this series will increase from 1 to 
infinityi and by properly adjusting the values of a?', x", x^'\ 
&c« it is evident that the several quantities a*', a*", a*'", &c 
may be made to coincide with the numbers 2, 3, 4, 5, 6, &c. 
For instance, let a=10; then (since 10o== 1 and 10*=10), the 
indices of 10 which would give 10*', 10*", 10*'", &C. equal to 
the numbers 2, 3, 4, 5, &c. most be fractions between aqd 1. 

Take for example the number 6. Now 10*=? ^ 10»= ^100 
«=4.64; from which we infer, that a fraction (x') somewhat 

/ 
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9 

greater than - (==> .666666, &c.) being made the index of 10, 

would give 10* =6; this fraction is found by calculation to be 
.6989700; hence 10'^^^= S; u e. whena=:10, the logarithm 
of 6 is .6989700. 

157. From hence it appears that the logarithm of any given 
number will depend upon the value of a, and that different 
systems of logarithms would be formed by assuming it equal to 
dif&rent numbers, but that (since a®= 1) in every system the 
logarithm of one would be 0. This constant quantity a, from 
whose powers the natural numbers are formed, is called the base 
of the system to which it belongs. But before we proceed to 
calculate a system of logarithms, it will be proper to explain 
som^of their properties. 

158. Let JV and n be any two numbers belonging to the 
series (JL); let JV* (for instance) = a*, and n^a^""} then 
Nn^a^y.3f"'"=ia^-^"''', but by Art. 166, the logarithm of 
««+»'"' is x+x""^ . •. the logarithm of iVn z=^x+x"" =log. a*+ 
log. a*""= log. iV+ log. n. In the same manner, if n, n', n", 
«"', &:.c.^e any set of numbers belonging to the series (A), it 
might be shown that the logarithm of n n' n" n"\ &c.= log. n 
+log.n'+log.n"+log. n'^+^-c.; i. e. the logarithm of the 
product of any number of factors is equal to the sim of thmr 
logarithms* ' % 

169. Again,— =-^=a»-^""; but the logarithm of a»-^'" 

«a>-«""; .-. the logarithm of-=a>-^""=.log.a»— log.a«="" 

sslog. i\^log. n; from hence it appears that the logarithm of 
the quotient of any two numbers is equal to the difference of 



their logarithms; and that the logarithm of a fraction 

is equal to the logarithm of its numerator minus the logarithm 
of its denominator. UN be less than n, then log.iV— *Iog. n is 



y Google 



1 72 bridge's alojebba. 

fiegaHioe; consequently the logarithms of all proper fractions 
are negaUve quantities. 

160. Let JV= a« he raised to the mth power, then iV"*== a«»; 

but the logarithm of a~» = mx\ hence the logarithm of iV«= wi x 

1 
ssm.]og. a*=: III. log. iV; for the same reason, since t^/iVssiy"* 

^ X log. N 

= 0^, the logarithm of V^^^^"^^ — > from which we infer 

that the logarithm of the mth power of any number is found by 
multiplying its logarithm by m; and of the mth root of any 
number, by dividing its logarithm by m, 

161. If the series {ji) consists of quantities of the form a*, 

a**, a", a**, &c. a»*, then the corresponding terms of the 

series (B) are x^ 2 a?, 3 or, 4 :r, &c nor; i. e. if a series of 

quantities be in geometrical progression^ their logarithms will 
be in arithmetical progression. 



XLVIIL 

On the Method of finding the Logarithm of any given Number. 

162. Let l+n be any number in the common arithmetical- 
scale, and x its logarithm, then. Art. 155, a' = l-|-n; and let 
as=^+b; then, to find the logarithm of l+n^ we have only 
to solve the equation (l+6)*=sl+n» where x is the unknown 
quantity. 

Let both sides of this equation be raised to the power A, then 
(i+6)ax=(1+»)*, or 

l+A:r6+^^^^^^^^>6H^^^^^-y^-^^^^ 

l+hn+^LitzDn^ + *(^Zll(^n.+&c.; 

rejecting 1 from each side of the equation and dividing by &, 
we have 
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Now let A=«0, and we have 

= jM(n— in*+in»— in*+&c.)i if we make 

. — — -i- — . — equal to M. 

(a_l)— i(a— 1)«+ i(a— 1)»— &c. ^ 

^ 163. But the series which thus expresses the value of x in 
terms of n, will not converge so quickly as to make the sum- 
mation of a few terms of it a sufficient approximation to that 

value, unless n be a proper fraction. Let, therefore, n =-- — , 
where N may be any number greater than 2, then 

1+- L_ 

l+n_ N—l _ N 
1— n 1 N—2 

and log. (l+n)— log. (1— n)=log. iV-»log. (iV— 2"). 

Now log. (l+«) = Jtf (n—in'+sn'— ?»*+K— *"«.) 

and (substituting — n for n) 

log. (1— n)=Jlf(— n— in"— in»— |n*-4n»— &c.) 

Hence, by subtraction, 

log. (l+n)— log. (1— n)=«»2JII(n+|n«+{n»+&c.) or 



log.(^:-teg.(i^r-2)-2Jtf(J^+3p^+£(]^^&c.) 

from which we have 
log.(i^»2^(^+3(5^g(^.+&c.)+log.(iV-2) 



P 2 

Digitized by VjOOQ IC 



174 bridge's aloebsa. 

which is a very commodious series for constructing a table of 
logarithms, when some value has been assigned to M. 



XLIX. 



On the Method of constructing Logarithmic Tables. 
1 64. Since a may be arbitrarily assumed^ let us first suppose 

it to be such that , ^ — =-p ts-t-tt v^ — s — (^^ M)=\; 

in which case the equation in the foregoing Article becomes 

But since N must be some number greater than 2, we must 
find the logarithm of 2, before we can proceed to the actual 
calculation of a table o>f logarithms. Now this may be done 
by making N=4 in 'the first instance, for then we have 

log.4=log. 2^=2 log. 2=2 Q+gl-^+-l^+&c.)+log.2, 

and by subtracting log. 2 from each side of the equation, we have 

log. 2=2 (^+^s+^5 +&C. to 7 terms) =0.6931472. 

Having thus obtained the logarithm of 2, we are enabled to 
construct a table of logarithms, by substituting in the foregoing 
series all the prime numbers for N in succession, and availing 
ourselves of the properties of logarithms for finding the loga- 
rithms of all other numbers. Thus, 
log. 

1= 0.0000000 

2= . . . • . 0.6931472 

3«2Q+g-^+g-^&c. to iOterms Vlog.l(0)«1.0986123 
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4«2log. 2 =1.3862944 

6=2Q+^+^+&c. to 6 terma^+log. 3.=1.6094379 
6=log. 3+log. 2 =1.7917596 

1:1.1 



.6. . . =1.9459101 



8=ilog. 4+log. 2, or log. S'asS log. 2. . * . =2.0794416 

9=log. 3«=2 log. 3 =2.1972246 

I0=log. 5+log. 2. ......... =2.3026851 

&c.=&c. ............ =&c. 

A sufficient number of terms has here been made use of to 
make the logarithms true to 7 places of decimals. This par- 
ticular system of logarithms (viz. where ilfsl) are called 
Napier^s logarithms, from their inventor; and they are also 
called Hyperbolic logarithms, from their connexion with the 
quadrature of the equilateral hyperbola. 

165. To find the base of this system of logarithms, let log. 
(l+n)=Z, then (since i*f=l), l=ii— in'^+in'— |n*+d6C., 
and reverting the series, we obtain 

2^2.3^2.3.4 
but since a^=^a, the base of any system of logarithms is that 
number whose logarithm is 1 ; if therefore in this series, which 
expresses the value of the number in terms of the logarithm, 
we substitute 1 for Z, we shall immediately obtain, for the base 
of this particular system, the series 

1 + 1 + 1+J_. .J_+&c. 
2^2.3^2.3.4 

=2.7182818, by actual calculation. 

The constant multiplier M is called -the Modulus ; hence, in 

that particular system of logarithms whose Modulus is 1, the 

hose is 2.7182818. Call this number e, and the logarithms of 

the several powers of e (viz* e, e', e', e^, &c.) being 1, 2, 3, 4, 

&.C. we might have interposed in the preceding Table 



y Google 



176 BBIDOb's ALOfiBttAk 

hog. 2.7182818 ^1.0000000 

Log. 7.3890569 (being the square df 2.7182818) ^=2.0000000 

The numbers whose logarithms are 1, 2, 3, 4, &c. in this 
system are, therefore, decimal numbers. 

166. In the common system of logarithms, which are much 
more convenient for ordinary arithmetical operations than the 
Napierian or Hyperbolic logarithms, the base a =10; hence 
a>^100, a>=1000, a^slOOOO, &c., and the numbers whose 
logarithms are 1, 2, 3, 4, &c. in this systemTare 10, 100, 1000, 
10000, &c. To find the logarithms of the intermediate num« 
bers, i. e. to construct a table of logarithms of this kind, we 
iQust find the. value of M when a = 10. Which is done thus. 
In a system whose Modulus is M^ 

log. ( 1 +«)= ilf(»— in«+ ^n8— iii*+&c.) 
In the Napierian sy8tem,log. (l +n)=n — in«+^«'— Jn*+&c. 
Ijence log. (l+») to Modulus M= JIfxNap. log (l+n) 

In the common system, let l+n=s 10, then 

log. 10=JlfxNap. log. 10 

^ or 1 =Jlf X2.3025851,seeArt. 186.. 

.•.J|f= 1 =.43429448. 

2.3026851 

For the actual construction of a Table of common logarithms, 

we must therefore substitute this value of M in the equation at 

the end of Art. 163, which then becomes 

Log-.iK-.86858896(3J^3-^^-j^5^+&c.)+log. (i»r_2), 

and it is by the s(il)stitution of all the prime numbers in suc- 
cession for N in this expression, that the following Table is 
calculated, 
log. 

2—. 86868896 (5+ 3^8+5^5 +*^c. to 7 terrifsV^O.SO 10300 



« See Art. 164. 
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3=.86868896 f^+a^+g^+^^c- tol0terms^=0.4771213 

4=s2log. 2 ==6.6020600 

^^\og. Y=^og- 10— log. 2= 1— log. 2 . . =0. 6989700 
6aalog. 3+log. 2 =0.7781613 

7-.86858896 (i+^,+^,+^,)+lot.5 -0.8460980 

8=3log. 2»«3 log. 2 . =0.9030900 

9=log. 3'=2 log. 3 =0.9542426 

10= =1.0000000 

ll=.86868896(-i+5-i^,+gi^)+lo^^ " =1.0413927 

l2=log.3+log.4 =1.0791812 

13=.86868896(-i+g-i^3+g-j^,^^ 11 =1.1139434 

14=log. 7+log. 2 =1.1461280 

iSsalog. 5+log. 3 =1.1760913 

16=log. 4*=2 log. 4 =1.2014200 

17=.86868896 (j^+§jQk+^jQi)+^og. 16 =1.2304489 
l8««log. 9+log. 2 =1.2652726 

l9=.86868896(l+5-|j,+5-}^^ 17 «1^787536 

20=log. 10+log. 2 =1.3010300 

21=log. 7+log.3 =1.3222193 

22=log.ll+log. 2 =1.3424227 

23=,86868896(22+3^,+^2i)+log. 21 =1.3617278 

The next number which requires calculation by means of the 
series, is 29; and from this number to 400 inclusive^ two terms 
of the series are suiScient to make the logarithms true to 7 places 
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of decimals. After 400, one term is sufficient; {bus log. 491 

^.86858896 ^ , ^^^ ^ .0021714724 + 2.6009729 === 

400 ^ ^ 

2.6031444 (very nearly); and in this manner the table might 
be continued with great facility to any extent, by means of the 
logarithms previously calculated. For the most expeditious 
manner of dividing the number .86858896 by the denominators 
of the several fractions composing the series, and for thQ manner 
of using logarithmic tables, the reader is referred ip the preface 
anne:^d to Dr Hutton's Tables. 

167. Since log. 1=0, log. 10=1, log. 100 = 2, log. 1000 
= 3, &c., it follows that the logarithms of all numbers between 
1 and 10 will be some decimal number less than unity; between 
10 and 100, some decimal number between 1 and 2; between 
100 and 1000, some decimal number between*2 and 3; &c« 
&c. The whole number annexed to the decimal is called the 
tfidea; or cAaracfemh's of the logarithm; and consequently for 
all nijpbers between 10 and 100 the index is 1; between 100 
and 1000, the index is 2; between 1000 and 10000, the index 
is 3; &c. &c. From the circumstance of log. lO^^l^it also 
follows that the logarithms of all numbers in decuple propor- 
tion involve the same decimal number, and differ only by their 
index. 

Thus, Log. U32 '. . «3.0638464. 

Log. 113.2=-log. -^^=log. 1132— 1=2.0538464. 

Log. 11.32=-log. il|^«log. 113.2— 1« 1.0538464. 

Log. l.l32«slog. ij^sslog. 11.32— 1=0.0538464. 

1 132 

Log. .1132«:log .-^«log. 1.132— 1 = 1.0638464. 



10 

1131 

10 



.1132 — 

Log. .01132*Flog. ~rTr-«^log..U32— ls»2,0638464. 
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<r 

, .01132 ^ 

Log. .001 132a»log. jQ '^log. .01 132— 1«=3.0638464.*' 

where the negative sign is placed a5ooe the index of the last 
three logarithms, to show that it does not extend to the deci^ 
roals, which are supposed positive. Thus 3.0538464 means 
•— 3+.0638464, or —2.9461536. 

168. The foregoing property, belonging to that particular 
system of logarithms arising out of the supposition of the base 
a =10, IS not only of great practical utility in their application 
to arithmetical purposes, but also very much facilitates the 
construction and use of the tables founded upon that system. 
Since the same decimal logarithm always applies to a number 
consisting of the same digits, it follows that in the construction 
of a table of common logarithms it is only necessary to register 
the digits of the number and the decimal logarithm in parallel 
colum^ns; for the index of the logarithm may always be deter- 
mined from the actual value of the number^ and, vice veraa^ 
the actual value of the number may always be determined from 
the index of the logarithm. For instance, in the con>mon tables 
where the logarithms are registered for all numbers consisting 
of five figures, the decimal logarithm belonging to the number 
98637 is .9940399; if this number be a whole number^ then 
since it consists of 5 integral digits, we know that its logarithm 
is 4^9940399; if a decimal point be placed before the last figure, 
then the value of the number is 9863.7, which has fpur inte- 
gral digits, and therefore its logarithm is 3.9940399^ if a de- 
cimal point be placed before the last figure but one, then the 

* The index of a logarithm may in all cases be determined by the 
following simple rules ; — 

I. If the number be integral, with or without decimals annexed, the 
index of the logarithm will be one less than the number of digits in the 
integer. 

n. If the number be a proper, decimal fraction, the negative index 
will be equal to the place of the first significant digit after the decimal 
point. 
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number is 986.37, and its logarithm 2.9940399; &c. &au 
On the other hand, if the logarithm 1.9940399 was given to 
find the corresponding number, then since the decimal part of 
it belongs to the digits 98637, and since from the index of the 
logarithm we know that the number has two integral digits, the 
figures 98637 must be pointed 98.637; &c. &c. * The utility 
of this system was so obvious, that the tables for ordinary pur- 
poses were founded upon it very soon after the invention of 
logarithms. 



L. 

On the application of Logarithms to Complex Arithmetical 
Operations^ and to the solution of Exponential Equations. 

169. Logarithms are of considerable use in the ordinary 
operations of multiplying or dividing one large number bjr 
another; but it is in the raising of powers, and the extraction 
of roots, and in their application to complicated numerical 
expressions, that their utility most plainly appears. 

Ex. 1. Find the $th root of 2593. 

By Art. l60, the logarithm of the 5th root of 2593» 
log. 2593 3.4138025^ 33g^eQ^^^ ^ 3^^ .^ ^^^ ^^^ 
6 6 6 » 

root of 2693— 4.8168. 

Ex. 2. Find the value of the fraction g'"xy><2.013^ 

17X9350 

By Art. 159, the logarithm of this fraction is equal to the 
log. of its numerator minus log. of its denominator. 

By Art". 158, 160, log. 2«>x3yx2.013==20log.2+7log. 3+ 
log. 2.013. 
and, log. I7x9360=alog. 17+log. 9350. 
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Now 20xlog. 2a6.02060(X) . • log. 17a 1.2304489. 
Jxlog. Sa^3.3398491 . • log. 9350 » 3.9 7081 16. 
log. 2.013=0.3038438 

By addition =9.6642929 (A.) 6.2012606 (B). 

Subtract (£) from (w^), and we have 4.4630^4, which is 
the logarithm of 29042, the number required. 



Ex.3. Find the value of >^C£I2}!^^l£><il^ 

CaQ the numerator of this fraction (iV), and its denomina- 
tor (n); 

Then, by Art'. 159, 160, log. of N^ J^S- N-iog. n ^ 

Now log. (3l7)»=2xlog. 317=6.0021186. 
log. v^3=ixiog. 3=0.2386606. 
log. ^6=ixlog. 6=0.2329900. 

6.4736692=log. N. 
log. 26 1 =2. 3996737,- 

.•. 3,0739956=log.iV— log.n. 

log. JV— log. n 3.0739957~T~L«, ,,..._ 

Hence — =— ^— = =0.6 147991, which is the 

o o 

logarithm of 4.119, the number required. 

Ex. 4. Find a fourth proportional to the 6th power of 9, the 

4th power of 7, and the 6th power of 6. 

7*X6* 
Let a;=the number required, then 9^ : 7* : i 6* : a?= ; 

y 

.% log. a?=4 log. 7+6 log. 6—6 log. 9=3.3803920+3.4948600 

—5. 7264660= 1.1 497870=log. 14.118; hence a?= 14. 11 8. 

170. Equations into which the unknown 4]^uantit7 enters in 
the fi>fm of an index^ are called ExpanetUial Equations; and 
are solved by means of logarithms, as in the follo#ing exam- 
ples. 

Q 
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Ex. 5. Find the value of x in the expiation a^safr. 

Taking the logarithm of the equation a*n&, we have 

a?, log. asslog. ft, .•.«?=» j"^; thus, let a=s6, ftssaioo, then 

. .u .. .« ./^^ %• ^00 2.0000000 ^ ^^, 

,n the equation 6^«100, a.«.^«^^^gg^^=2.861. 

Ex. 6. To find the value ofx in the equation a^^^c. 
Assume* b^^^p^ then a^=sc^ and y. log. ass:]og. c, . •. p=a 

|£?li; hence ft^=J^?l^ (which let) «d. Take the logarithm 
log. a log. a 

of the equation &*=d, then (by Ex. 6), x^JfilJl; thus, let 

log. o 

«aa9, 6=3, c=1000, then in the equation 9**= 1000, ]S^^ 

log. a 

log. 1000 ^ ,^ . ., , log. d log. 3.14 .4969296 

—7 ;r-*aa3.14(=a{l): and Xes^.-^—z^-^ — --= .^„,^.o 

log. 9 ^ ^' log. 6 log. 3 .4771213 

a:].04. 

Ex.7. Find the value of £12<H><!5£><!1!. 

36X357 

Answer, 6676.4. 

Ex. 8. Divide the 20th power of 2 by the 12th power of 3. 

Answ. 1.973. 

Ex. 9. Find the third proportional to (/I H and ^137. 

Answ. 10.252. 

Ex.10. Find the value of il!!!^?5HZi0?. 

Answ. 3.3693. 

Ex. 11. Find the value of x in the equation ^ "^^a»e. 

d 

log. b 

• In considering the nature of an exponential of the form a**, it 
must be recollected that it means a to thepoiverofb^, and not a* to the 
power ofx. 
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LI. 



Or^ the Summation of Geometric Series, 

171. Logarithms are found very useful in ascertaining the 

value of S in the equation 5«b^^ "*? or ^ ^ , where n is 

r— 1 r — 1 

not a very small number. 

Ex. 1 . Find the sum of 20 terms of the series 1 , « , - , ?Z, &e. 

'2 4 8 



Here asal^ 

_3 

"P C" r—i 



3 f . cf ar' 
r=.. y .\S=a 



-3 ^xy -0- 



n=20;J 2""^ 

Nowlog.(?)"*'«20xlog. 2. 

«20x(log.3— log.2). 
=3.521 8260=log. 3326* 263; 

.-. i^'J =:3325.263. 
Hence fif=2 x ( ^j — 1 )«2x3324.263aa6648.626. 

Ex. 2. Find the sum of 1 terms of the series 1 , -, — , |||i &c. 

6 36 w6 

Here«=l, -j 1— Ixf^Y" 

'-e' C "TIT 5 ^x(»-6l > 



nm.lQ;J ^ 6 
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Now logY-Y**«10xlog. 



V6/ "" 10 



5 

6 

10x(log. 6— log. 6). 
lOx —.0791813. 
—.7918130. 
S.2081 870— 1.0000000. 
:Iog. 1.6160— log. -10. 
60 



B.1616. 



Hence 8=6^1— I ^=6(l»-sl616)«5.031. 

112* If the sum of the series, the common ratio^ and the 
^rst term be given; the number of terms may be found thud 
(See Art- 111); 

Since rS'^^Sssa r"— a; 
By transpoaUion^ ar'^^rS^^S+a, 

and f*« 9 

a 

.•. log. f^ or nxlog. faaslog. (rS — S+a) — ^log. a. 

Hence ^^log> (rfi^g?+a)-log> a 
log.r 

Ex. 3. The sum of a geometric series is 6660, its^ig term 
2, and common ratio 3. What is the namber of term^s ? 
Here ^'=6660, ) ,^ log. (r^y— .y+a)— log.a 
a«2, > log.r 

r«3; ) lo g. 13122— log . 2 

log. 3 
3.8169700 o 

ss " ' o. 

^ .4771213 

Ex. 4. A servant agreed to serve his master for one year 
(13 months), at the rate of sixpence for the ^rst month, a 
shilling for the second^ two shillings for the thirds and so on. 
What had he to receive at the end of the year ? 

AiTSWEBy 2041. tBSk 6d. 



y Google 



SUnUATION OF GBOMETBIO SEBIES. 185 

5 26 
Ex. 5. Find the sura of 1 1 terms of the series, 1, -, 7^,&c. 

4 Id 

Answ. 42.668. 

Ex. 6. The sum of a geometric series is 1023, thejSr^^ term 

1, and cammtm ratio 2. Find ihe number of terms. 

Answ. 10. 

Ex. 7. A person undertakes a journey of 364 miles, going 

one mile the first day, three the second^ nine the thirds and so 

on. When will he arrite at his journey's end ? 

Answ. In 6 days. 



LIL 



On Compound Interest. 
Let (P) be the principal^ or sum put out to compound in- 
terest; (r) the fraction which exprfees the rate of interest per 
cent*; (wi) the amount at the end of (n) years, the interest 
being paid yearly; then the following Theorems may be estab- 
lished^ by means of logarithms. 

Theorem 1. 

173. Log.Ji^^log.P+nxlQg.O+r)' 

For since j£l, at the end of the first year, becomes l-fr, 
and that the aniount is increased each year in the same ratio, 
we have, by the rule of proportion, 
l:l-fr;:P :P(l+r) ^amountofPatendof/r^fyear. 

l:l+r::P(l+r) :P(l+r)«== ^condyear. 

l:l+r;:P(l+r)»:P(l+r)3^ . . ... . third jezr. 

&'C. &c. 

• That is, the fraction which expresses the ratio of the interest to 
tfie principal. Let the interest, for example, be 5 per centj then this 

firaction (r) wUl be^ or ^. 

Q 2 
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So that, at the end of n years, the amount is P(l+r)iu 

Hence j««P(l+f)*; 

and, taking the logariikm^ log. A^log. P+nxlog. (1 +r). 

From which we deduce, 

Ih^. Psslog^ A— ^Xlog. (1 +r). 

T r* t ^ log- -A — ^'og. P, 
Log. (i+r)=ss-^ ^ ; 



and nas 



n 
log. il — ^log. P 



iog.(l+r) 

Any ikree of. the quantities A^ P, r, n, being given, the fonuth 
may therefore be found. 

Theob. 2. 

lofiT. m 



174. Let ^sfliP, then n=. 



'log.(l+r) 
For, in this case, «P=sP(l+r)*. 
Divide by P, then m«(l+r)*. 

Take the logarithm, log. ma^X log, (l+r); .'. n=a: , ^f'^^ . 
^ log.Qi+r; 

By means of this Theorem, we ascertain the period or num- 
ber of years in which a snm of money would doubie^ irMej &c. 
or amount to m times itself, when put out at compound interest, 
at r rate per cent. 

Theob. 3. 

175. Suppose the interesi to be paid half yearly^ and at the 
same time concerted into principal^ then wiU log. Analog, P-f 
2nX«o^.(l+ir). 

For in this case, 2n must be substituted for n, and ir for r. 
Hence, at the end of n years, A^P{\+\ry^\ 
and, taking the logarithm, log. A^log, P+2 nxlog. (1+ Jr). 

Theob. 4. 
t76. Suppose notr, that besides the interest being converted 
into principal at the end ^ every year^ the sum Pis at Oesafne 
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time inteHed in capital; then the ammni (Jl), at the end of n 

pearif, mU he ^^^^pl^ (if B==l+r). 

In this case, the principal (P) is put out for n, n— 1, n— 2, 

&c. years, in succession ; the amount therefore is the sum of 

the several amounts of (P) put out forn,n — l,n— .2, d&c. years; 

.•.A«P(l + r)»+P(l+r)«-*+P(l+r)»-»+&c.+P(H-r). 

«(if l+r=:-R)Pi?»+P12*-*+Pli*~*+&c. . . +PR. 

tssP X (Geoi Pro. 1 gt t&rin R, comfl9<^ ratio JB)aa— 1— . 

Pjg(jy>_l) "* 

"* 12— 1 * 

Ex. 1. What would be the amount of 200Z. placed out for 
7 years, at 4. per cent compound interest ? 
HereP«200, ^ 

.-.by TH.l,log. A=log.P+nxlog. (l+r). 
«log.200+7xlog.I.04. 
> =2.420263K 

aslog.263.18. 
Hence, il«263Z. 3*. 7|d 



''""25' 

«r:1.04, 

n-7; 



Ex. 2. How much money must be placed out at compound 
interest, to amount to 5002. in 12 years, at 5 per cent ? 
HereJl«500, -) 

By Th. I, log. P::=:log. il— nxlog. (1 + r). 
«=log. 600— 12xlog.l.05. 
I ;> «c2. 4446984. 

'sslog. 278.4h 
Hence, P«278/. 8*. 2f d. 



1 



l+r-l+^, 



«1.06, 
n=12. 



Ex. 3. At what rate of interest must 4002. be placed but, 
that it may amount to 569Z. ds. Bd. in 9 years, at compound 
interest? 
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'''"' iZ'^:"'''' I By Th. 1, log. (i+r) J.2E:i=l2ii^. 

fias9. S log. 669.33— log. 400 

' ■i». • 

9 

=.0170338. 



=log..l,OWog.(l+^). 



Hence i+r«l+— 5 



. '•=o^> or the rate of interest 4 per cent. 



'^^ 1 B mu 1 log. ^— log. P 

By Theor. l,«=e-? — ttt^t— • 
3, • log. (l+r) 



Ex. 4. In how many years will 50021 amount to 9002., at 5 

per cent compound interest ? 

Here A=900, 

P«600, 

1 1 ^ log. 900— log. 500 

''^20' f ^ log. 1.03 

.2562725 
l+r-1.06. J =.___=i2.04 yea«u 

Ex. 5. In what time wU] a sum of money double and treble 
itself, at 5 per cent compound interest ? 

By Theor. 2. /^since r^sr^ \ 

If mss2, then time of doubling 

log. 2 i^OlOSOO^ 
='log.l.05"".0211893^^^'^ ^^''^' 
If 0183, then time of trebling 

log. 3 .4771213 ^^ , 

==iSin:o6==:o2iT8r3'='^'-^ 

Ex. 6. Supposing the interest to be paid half yearly^ what 
will be the amount of 600/. in 8 years, at 6 per cent compound 
interest ? 
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ByTh.3,log,^=log.P+2nxlog. (1+Jr). 
=log.500+l6xlog.(L026). 
«=2.8706524«log. 742.26. 
Hence J2»7422. 5^. 



Ex. 7. Suppose a person to place out annually 1002, for 
10 successive years, and suffer the whole to accumulate at the 
rate of 5 per cent cooapouod interest* What sum would he 
have to receive at the end of the tenth year ? 
Here -P^ 100, ) .-. by Tbeor. 4, 

jR«1.05, > f.R(jr— 1) 105 (Tosl'^-^i) 

ns=10; ) ^*' i^-i .*■ .05 

«2100(T;05l'''— 1). 
Now log. (1.05)*°=10xlcrg, 1.06. 
a.2n8930. 

«log. 1.6289; .-. (1.05)^— 1«.6289. 
Hence .a«2100x.6289. 

«=i3202. 139. Old. 



EXAXPLES WR PbACTICE* 

Ex. 8. What would be the amount of lOOOL placed out at 
eompound interest of 6 per cent for 10 years ? 

Akswes, 16282. IBs. 

Ex. 9. «What sum must be placed out at compound interest, 
at 4 per cent, to amount to 20002. in 15 years ? 

Answ. 11102. \09. 

Ex. 10. At what rate of compound interest must 6182. Bs. 
be placed out, to amount to 6002. in 3 years ? 

Answ. 5 per cent. 

Ex. 11. In how many years will 2002. amount to 3182. I69. 
at 6 per cent compound interest ? Aksw. 8 years. 

Ex. 12. In how many years will a sum of money double 
itself, at 4 per cent compound interest ? Answ. 17.6 years. 
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Ex. 13. Find the amount of 1200L put out to compound 
interest at 6 per cent for 10 years, the interest being converted 
into principal every AaZf year, Answ. 2167i 6*. 

Ex. 14. Suppose a person to place out annually the sum of 
202. for 40 successive years, and suffer the whole to accumulate, 
at the rate of 5 per cent compound interest. What would he 
have to receive at the end of 40 years ? Answ. 25362. 16tf. 



LIIL 



On the method of finding the Increase of Population in any 
Country y under given circumstances of Births and Mortality • 

177. Let (P) represent the population of a country at any 
given period; f ~ J the fractional part of the population which 

die in a year (or ratio of mortality); f i j the proportion of 
births in a year; then, if (.4) represents the state of the popula- 

1+— T- J. 

The rate of increase ofpopulation in one year =-. — ^^ — - ; 

b m mb ^ 

• •. 1 : H T- ::PiP( 1+'"^ ) =state of the population 

at the end of the first year. 

But it is increased every year in the same proportion ; 



population at the end of the second year. 
In the same manner we may prove, that the state of the 

population at the end of (n) years will be P f I + — r- j . 
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Hence ^=p(l+^). 

and log.^=log. P+nxlog. O+^g" J- 
From which we deduce, 

Log. P=log. ^— n xlog. f 1 + -^ \ 
^^ log>ii~log,P 



log. (^ 



fflp— & \ log. A — log, P 
mb /"" n 



Of the quantities Ay P, m, 6, n, any /our being giTen, the 
J^k inay therefore be found. 

Ex. 1. Suppose the population of Great Britain in the year 
1800 to have been ten millions; that ^^^th part die annually; 
that the births are to the deaths as 40 : 30; and that no emigra* 
tion takes place during the present century. What will be the 
state of its population in the year 1900 ? 

Here P« 1 0000000,1 ^ „^5 v 

Now log,^«log.P+nXlog.^ 1 +-^j^ j 



1 + 



n=100, 
OT«40, 
6=«30; and 
fw— 6 121 
mb ""120 J 



=log. 10000000+ lOOxlog.lHi 



=7.3604200 
=log. 22931000. 
Hence il=2293 1000. 



Ex. 2. Suppose the population of France, in the year 1 792, 
to have been 27000000; the ratio of mortality during the I8th 
century to have been ^V^h, and the nun^fer of births ^V^h. 
What was the state of its population in the year 1 700 ? 
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Here w«=27000000/ 
n=92, 
m=30, 

ft«26, 

mfr ""195 



JLog. P^log. w2— nxlog. M+-^ J 



=:log. 27000000 — 92 xlog. 

= 7.2269868 
«=log. 16864980, nearly; 
. P=« 16864980. 



196 
195 



Ex. 3. Suppose the population of North America to have 
been five millions in the year 1800; in how many years will it 
amount to 16 millions, taking the ratio of mortality at 77th, 
and the annual proportion of births at ^th ? 



••. 1+ 



Herejfss 16000000," 
P«= 6000000, 
fR«46, 

6r=:24, 

m— ft 367 



mb 360 



„^ log, jg— log. P 
^log. 16000000— log. 5000000 



. 5061600 , 
".0083636" 



log. 51^ 

^ 360 
seO,39 years. 



Ex* 4. The population of a province in the year 1760, was 
estimated at 600000 persons; in the year 1800, it amounted to 
720000; from the bills of mortality it appeared, that, upon an 
average, -^V^^ P^^*^ ^^ ^^^ population had died annually; no 
register had been kept of the births. What was the annual 
proportion o(them during this period ? 

Here r\ f m^b\ log. ^— log. P 

^=720000, Log.O+-^ > n - 

P=600000, > 
«— m \ . f m—b\ Jog. 720000— log. 600000 

n»40. J 



1 + 



60& J 



40 



Hence 1 + 



50—5 
mb 



.0039590=log. 1.009. 
9 



:1.009=l+-lL, 

^1000' 
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.•. 50000-^10006=4606. 

^ 60000 „^ ^ 
or6«— — -=34,4. 
1460 

Tbe anDual proportion of births^ therefore, was about ^^^th. 

178. But in any country, unHer gwen circumstances of births 
and mortality, the fraction ^ is always a gwen quantity; let 
it be represented by ^; then the relation between the four quan- 
tities A, P, p, n, is expressed by A=P (I +p'*- I^ ^=^ ^^ 
we have mP=P(i-f j)", or in=(l-fp"; and taking the loga- 
rithm, log. «i=»xlog.(i-f j). Hence we deduce the aix fol- 
lowing formulsB. 

I. Log. -tf aslog. P+n log. ( 1 -{--\ 

n. Log, P«log. il— 11 log. ( 1 +- \ 
IIL «j£g;±±Slf . 

,»r » / . 1\ log. -«-^Og.P 

IV. Log.(i+-)^-i-_^i_. 

V. ni ^' , for finding the |)morf in which 



log. (l+i) 



the population would be increased m Times* 
VL Log. (^+p) «'^~, for finding the rate C-^ at 

which the population would be increased m times in n years. 

The following Questions are intended to illustrate the use of 
these formula, in the order in which they stand. 

. Question 1. Suppose the population of a country to begin 
E 
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with six persons, and to increase annually by y^ th of the whole. 
What will be the state of its population, at the end of 200 years? 

AifswEB, 1 106448 persons. 

Qv. 2. If (as stated in the 3d Example) the population of 
North America was five millions in the year 1800, and the 
rate of increase had been ^|^^th for 50 years previous. What 
was the state of its population in the year 1750? 

Awsw. 1908930 persons. 

Qr. 3. Suppose the population of an empire to be 40 mil- 
lions, and the annual increase yvt^^* ^^^ ^^^^ ^^^^ ^^ ^^ 
before it amounts to 60 millions ? A]!7sw. 43.6 years, 

Qu. 4. What must be the rate ofmorease^ that the popula- 
tion of a country may be changed from 1 106400 persons to five 
millions, in 100 years ? Answ. About ^^^th annually. 

log.m ' 



Qv. 5. By means of the formida ns=s. 



the following Table* 



log. (l+l) 



verijy 



1 
p 


Period of doubKng 


Period of trebUnf 


Period of being increased 
10 timei. 


1 

120 


83.5 years 


132.3 years 


277.4 years 


1 
52 


36.3 years 


57.6 years 


120.8 years 



Qu. 6. What must be the annual increase of population in 
any country, that it may19ofi&2e itself every century? 

Answ. Between -|^d and i^th. 

179. Supposing that a census of the whole population of a 
country is taken every n years, and that it is found to have in- 
creased sr per cent during that interval, then if P represents the 
amount of the population at the commencement of the n years, 

P-t- -rgg will represent the amount of the population at the end 

of the n years. 
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If the annual increase be - then (by Art. 178) the amount 
of the population at the end of n years ^^ P f 1 + " ) ; hence 

\ P/ 100 V ^100/ 

"'C^+^j-^+Ioo— loo- 

.-. n. log. (1+^ j «log.(100+5r)_log.lOO 

=lpg. (100+«->— 2,sincelog.l00=a2, 

and log. (1 + ^) =-(log.(100+;r)_2\ 

Substitute this value of log- ( 1 +^ j in the expression 
Log, m 



log. (1+^) 



(Formula V. Art 178), and we have 



— for the number of years in which the 



-(log.(100+;r)— 2) 

population of a country will be increased m times, if it goes on 
increasing at the same rate as it has done for the last n years 
preceding the period at which the census is taken. 

1 80. If the census be taken every ten years, and the period 
of doubling be required, then nslO, m=:2, and the foregoing 

expression becomes ■ ' ^ ■ ' -, By substituting 



^(log.(I00+»-)-2) 



in it for 0- the particular value of the per centage^ the following 
Table exhibits the corresponding period of doubling. 
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A TABLE, exhibiting the period in which the population of a 
country has a tendency to double itself, from an estimate of its 
increase per cent taken at the end of every ten years. 


1. 


II. 


• in. 


Per Centage 

increase in ten 

years. 


Numerical Value of 
~(lor.(100+«-)-^2). 


Period of doubling. 
Log. 2, or .3010300 

i(log.(100+«->-2y 


5rs 1.0 
1.5 
2.0' 
2.5 
3.0 
3.6 
4.0 
4.6 
5.0 


.00043214 . 
.00064660 . , 
•00086002 • , 
.00107239 . , 
.00128372 • 
.00149403 . , 
.00170333 . . 
.00191163 . 
.00211893 . - 






696.60 yeart 

465.65 

360.02 

280.70 

234.49 

201.48 

176.73 

157.47 

142.06 


jr« 6.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.6 
9.0 
9.5 
10.0 


.00232526 . , 
.00253069 . , 
.00273496 . 
.00293838 . 
.00314085 . 
.00334238 . 
.00354297 . 
.00374265 . 
.00394141 . 
.00413927 . 






129.^ years 
118.95 
110.06 > 
102.44 

95.84 

90.06 

84.96 

80.43 

76.37 

72.72 


flr=10.5 
11.0 
11.6 
12.0 
12.5 
13.0 
13.6 
14.0 
14.5 
16.0 


.00433623 . . 
.00453230 . 
.00472749 . , 
.00492180 . 
.00611625 . , 
.00530784 . , 
.00549959 . 
.00669049 . . 
.00688065 . , 
.00606978 . , 






69.42 years 
66.41 
63.67 
61.16 
68.84 
56.71 
54.73 
52.90 
51.19 
. 49.69 
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A TABLE, exhibiting the i>eriod in which the popnkdSoii of a: 
coantiy has ft tendency to doitbu itself, finm an estimate of its 
increase per cent taken at the end of every ten years. 


I. 


U. 


m. 


Per Centage 

increase in ten 

years. 


* Numerical Value of 
^(log.(100+^)~2). 


Period of doubling. 
Log. 2, or .3010300 


^o(lag.(1004-5r)-2) 


«ral6.6 

16.0 
• 16.5 
17.0 
17.5 
18.0 
18.5 
19.0 
19.6 
20.0 


,00625820 . , 
.00644680 . , 
.00663269 . . 
.00681869 . . 
.00700379 . . 
.00718820 . . 
.00737184 . 
.00756470 • , 
.00773679 . , 
.00791812 . . 






48,10 years 

46.70 

46.38 

44.14 

42.98 

41.87 

40.83 

39.84 

38.91 

38.01 


•■«20.5 
21.0'. 
21.6 
22.0 
22.5 
23.0 
23.5 
24.0 
24.6 
26.0 


.00809870 . . 
.00827854 . 
.00846763 . . 
.00863698 . . 
.00881361 . . 
.00899061 . , 
,00916670 . . 
.00934217 . . 
.00951694 . . 
.00969100 . . 






37.17 yean 

36.36 

35.59 

34.85 

34.16 

33.48 

32.83 

32.22 

31.63 

31.06 


a'«26.5 
26.0 
26.6 
27.0 
27.5 
28.0 
28.6 
29.0 
29.6 
30.0 


.00986437 . 
.01003706 . . 
.01020906 . 
.01038037 . , 
.01056102 . . 
.01072100 . 
.01089031 • , 
.01106897 . . 
.0112269B . , 
.01139434 . . 






30.61 years 

29.99 

29.48 

28.99 

28.53 

28.07 

27.64 

27.22 

26.81 

26.41 
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A TABLE, exhibiting the period in which the population of a 
country has a tendency to double itself, from an estimate of its 
increase per cent taken at the end of eyery ten years. 


I. 


n. 


m. 


Per Centage 

increase in ten 

years. 


Numerical Value of 
l(log.(100+r)-2). 


Period of doubling. 
Log. 2, or .3010300 


^(log.(100+r)-2)' 


r»30.5 
31.0 
31.6 
32.0 
32.5 
33.0 
33.5 
34.0 
34.6 
35.0 


.01156106 . 
.01172713 . . 
.01189258 . , 
.01205739 . 
.01222 L59 . . 
,01^38516 . , 
.01254813 . 
.01271048 . . 
.01287223 . , 
.01303338. . . , 






26.03 years 

25,67 

25.31 ^ 

24.96 

24.63 

24.30 

23.99 

23.68 

23.38 

23.09 


sr«35.6 
36.0 
36.5 
37.0 
37.6 
38.0 
38.5 
39.0 
39.5 
40.0 


•01319393 . 
.01335389 . . 
.01351327 . . 
.01367206 .. 
.01383027 . , 
.01398791 . . 
.01414498 . , 
.01430148 . . 
.01445742 . . 
.01461820 . , 






22,81 years 

22.64 

22.27 

22.01 

2*,76 

21.62 

21.28 

21.04 

20.82 

20.59 


9«41 
42 
43 
44 
46 
46 
47 
48 
49 
50 


.01492191 . . 
.01622883 . 
.01553360 . 
.01583625 . . 
.01613680 . . 
.01643529 . , 
.01673173 . 
•01702617 . 
.01731863 . 
.01760913 . 






20.17 years 

19.76 

19.37 

19.00 

18.65 

18.31 

17.99 

17.68 

17.38 

17.09 
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INCBEASE OF POPULATION. 1 99 

This is the TMe of which the first and third columns have 
been inserlpd by Mr Malthus, at page 498, VoL I. of the sixth 
edition of his Essay on Population. 

From the ParliamentaryReportof the population of England 
and Wales, it appears 

" which gives an increase 
of about 14.5 per ceot 
from 1800 to 18 10, and 
of about 16.3 per cent 
fP^^'^'' [from 1810 to 1820. 
From hence, by referring to the Table, we infer that* taking 
the average rate of increase from 1800 to 1810, the population 
of England and Wdes had in 1810 a tendency to double itself 
in about 51 years; and, taking the average rate of increase 
from 1810 to 1820, it had in 1820 a tendency to double itself 
in about 46 years. 



That in 1800 it amounted to 9168000 

1810 10502500 

1820 12218500^ 



THE END. 
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